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Abstract. Based on the hereditary property, studied in [18] and [21], from ‘mother
groups’ G(m, 1, n), 4 ≤ n ≤ ∞, to ‘child groups’ G(m, p, n), p|m, p > 1, so-called
complex reflection groups, we study in this paper classification and construction of
irreducible projective representations (= spin representations) and their characters of
the generalized symmetric groups G(m, 1, n), and spin characters of the inductive limit
groups G(m, 1,∞) in detail. By the heredity studied further, this gives the main kernel
of the results for the child groups with p|m, p > 1.1)
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Introduction. This paper is a continuation of the preceding papers [18] and [21]
(referred as [I] and [II] in the following) in which we studied complex reflection groups
G(m, p, n) and G(m, p,∞), p|m, in general. We call the generalized symmetric groups
G(m, 1, n) andG(m, 1,∞) as ‘mother groups’ andG(m, p, n) andG(m, p,∞) for p|m, p > 1,
as ‘child groups’, and studied hereditary property from a mother to her children. On the
basis of this heredity, here in this paper we study the case of mother groups in total, and in
addition to this we study the hereditary property furthermore, mainly in §15, for not only
G(m, p, n) but also for other normal subgroups of different types.
The paper consists of two Parts. In Part I, irreducible spin representations (= pro-
jective representations) of generalized symmetric groups G(m, 1, n), n ≥ 4, are classified
and constructed as induced representations, and their characters, called spin characters of
G(m, 1, n), are calculated. In Part II, we studied spin characters of the inductive limits
G(m, 1,∞) := limn→∞G(m, 1, n) as pointwise limits of normalized irreducible spin char-
acters of G(m, 1, n) as n → ∞. Note that the relationship between characters and factor
representations of finite type is clarified in [11].
To be more precise, we have G(m, 1, n) = Dn(T ) ⋊ Sn with Dn(T ) := T n, T = Zm,
and the Schur multiplier Z := M
(
G(m, 1, n)
)
is equal to Z1 for m odd, and to Z1×Z2×Z3
for m even, where Zi = 〈zi〉 ∼= Z2, z 2i = e, with the identity element e. The representation
groups used here are special central extensions of G(m, 1, n) with the central subgroup Z
(which may be called a ‘universal covering group’ of G(m, 1, n)) given as
R
(
G(m, 1, n)
)
=
{
Dn(T )⋊ S˜n if m is odd,(
D˜n(T )× Z3
)
⋊ S˜n if m is even,
(0.1)
where S˜n is a representation group of the symmetric group Sn and a central extension with
the central subgroup Z1, and D˜n(T ) is a double covering of Dn(T ) with central subgroup
Z2 (Theorem 1.1). Let R
(
G(m, 1,∞)) := limn→∞R(G(m, 1, n)). A spin representation
of G(m, 1, n) is essentially a linear representation π of R
(
G(m, 1, n)
)
. If π is irreducible,
it has its own spin type χπZ ∈ Ẑ given by π(z) = χπZ(z)I, where I denotes the identity
operator. Suppose m be even, then there are 8 different spin types containing the trivial
one 1Z ∈ Ẑ which corresponds to linear irreducible representation (= IR) of the base group
G(m, 1, n). Take a non-trivial χ ∈ Ẑ and put Zχ := Ker(χ), then any spin IR of spin type χ
is essentially a linear representation of R
(
G(m, 1, n)
)
/Zχ, a double covering of G(m, 1, n).
Thus we can work, if we wish, mainly in the frame work of double coverings as was done
in Stembidge [36], Morris-Jones [29], [I] and [II]. However in the present paper, we work on
the 8 times covering R
(
G(m, 1, n)
)
in principle and it enables us to simplify the methods
used and clarify the relationships among different spin types.
In Part I, our important points are the following.
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(1) To classify and to construct spin IRs, we use ‘classical method for constructing IRs
of a semidirect product group’ in [7]. To apply this method to the semidirect product (0.1)
above, Step 1 ∼ Step 4 are given in Theorem 2.2.
(2) We apply the theory of the twisted central product of double covering groups, the
twisted central product of their spin representations and its character formula, given in [19].
(3) To calculate spin characters, we apply a key lemma, Lemma 2.3, which is rather
elementary but very effective to the concrete calculations of characters, and actually this
enables us to simplify calculations in [II] very much.
(4) Parametrization of spin dual of each spin type are respectively given by Young
diagrams, shifted Young diagrams and certain extensions of them, such as Notations 3.2,
4.3, 4.6 and 7.6, with slight deviations in cases of spin types χIII and χVII. Irreducible spin
characters are explicitly written by means of these parameters.
In Part II, our important points are the following. Put G′∞ := R
(
G(m, 1,∞)).
(5) Evaluation in Table 12.1 of supports of f ∈ K(G′∞;χ), for each χ ∈ Ẑ, where
K(G′∞;χ) denotes the set of all positive-definite invariant (or class) functions on G′∞ of
spin type χ, i.e., f(zg′) = χ(z)f(g′) (z ∈ Z, g′ ∈ G′∞) (cf. [I, §10]).
(6) Limit theorem, Theorem 12.5, asserts that every character of G′∞ := R
(
G(m, 1,∞))
is a pointwise limit of a series of normalized irreducible characters of R
(
G(m, 1, n)
)
as
n→∞.
(7) Criteria (EF) and (EFχ
Y
) respectively in Theorems 12.3 and 12.4 for an f ∈
K1(G
′∞;χ) to be extremal or to be a character, where K1(G′∞;χ) denotes the set of all
f ∈ K(G′∞;χ) normalized as f(e) = 1.
(8) The data in (5) and (7) enable us to answer if the product of two characters is also
a character or not (Theorem 12.8, see also Theorem 22.4).
(9) Parameters for characters of spin type χ and for their sets E(G′∞;χ) are given by
A ∈ A(K) in Notation 14.3 and C ∈ C(K) in Notation 16.5, depending on the spin type χ,
where K = T̂ or K = T̂ 0 the half of T̂ .
(10) The hereditary property is studied further, mainly in §15, for G = G(m, 1,∞) and
its normal subgroupsN such as her child groups G(m, p,∞), p|m, p > 1, andGA(m, 1,∞) :=
(D∞(T )×Z3)⋊ A˜∞ and GA(m, p,∞) := G(m, p,∞)∩GA(m, 1,∞). By the resriction map
ResGN : E(G) ∋ F 7→ f = F |N , we can get the set E(N) of all characters ofN . Furthermore,
going up to the spin level, we study the heredity from mother group R
(
G(m, 1, n)
)
to child
groups R
(
G(m, p, n)
)
, p|m, p > 1, particularly in detail for the case n = ∞, and clarified
that the main kernel of spin characters of child groups can be obtained. In addition, in
Case EE, where p and q = m/p are even, we propose Conjecture 15.17.
(11) The heredity at the non-spin level can be expressed by means of certain actions
of finite groups (or symmetries) in the corresponding parameter spaces such as A(K) etc.
For example, in the case of child groups N = G(m, p,∞), all the spin characters of N are
obtained by restriction map ResGN from G = G(m, 1,∞) to N , and this can be expressed
in a beautiful way by means of symmeries on the parameter spaces A(K) with K = T̂ or
T̂ 0 (see Theorems 15.1, 15.18, 15.19 and 15.20).
(12) Mutual relations between the sets of characters E(G′∞;χ) of different spin types
χ, for certain pair of χ’s, are displayed by diagrams in Theorems 17.6, 19.5, 20.2 and 21.2.
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This paper is organized as shown in the table of contents above, and the final results
on characters of G′∞ are summarized in §22, in particular in Tables 22.2 and 22.5.
Part I
Spin irreducible representations and their characters of
generalized symmetric groups G(m, 1, n), 4 ≤ n <∞
1 Representation groups of generalized symmetric groups
1.1. Representation groups of G(m, 1, n) and their inductive limits.
We introduce our main objects, quoting our previous papers [18] and [21] (which
we quote as [I] and [II] respectively in the following). Generalized symmetric groups
G(m, 1, n), 4 ≤ n < ∞, and their representation groups R(G(m, 1, n)), and also their
inductive limits:
G(m, 1,∞) = limn→∞G(m, 1, n) =
⋃
n>4G(m, 1, n),
R
(
G(m, 1,∞)) = limn→∞R(G(m, 1, n)) = ⋃n>4R(G(m, 1, n)).(1.1)
Put T := Zm, Dn(T ) :=
∏
j∈InTj , Tj = T, In := {1, 2, . . . , n}, and let D˜n = D˜n(T ) be
the central extension of Dn = Dn(T ), given below, with central subgroup Z2 = 〈z2〉 ∼=
Z2, z
2
2 = e, and the canonical homomorphism ΦD :
{e} −→ Z2 −→ D˜n(T ) ΦD−→ Dn(T ) −→ {e}.(1.2)
Let y be a fixed generator of T and yj ∈ Tj its j-th copy, and ηj ∈ D˜n be its preimage such
that
ΦD(ηj) = yj
(
j ∈ In
)
, ηjηk = z2ηkηj (j 6= k).(1.3)
Moreover S˜n = R(Sn) is the representation group T
′
n of Sn given by Schur as
{e} −→ Z1 −→ S˜n ΦS−→ Sn −→ {e}, Z1 = 〈z1〉, z 21 = e,
S˜n = 〈z1, ri (i ∈ In−1)〉, ΦS(ri) = si = (i i+1) (i ∈ In−1),
(1.4)
with the fundamental relations as{
r 2i = e (i ∈ In−1), (riri+1)3 = e (i ∈ In−2),
rirj = z1rjri (|i− j| ≥ 2).
(1.5)
For n ≥ 1, put G(m, 1, n) = Dn(T )⋊Sn, with the action of σ ∈ Sn on d = (tj)j∈In ∈
Dn(T ), tj ∈ Tj , as σ(d) := (t′j)j∈In , t′j = tσ−1(j) (j ∈ In). For n ≥ 4, the Schur multiplier
M(Gn) for the generalized symmetric group Gn = G(m, 1, n) is given as [4]
M(Gn) =
{
Z1 = 〈z1〉 ∼= Z2 in case m is odd,∏
16i63 Zi
∼= Z 32 in case m is even,
(1.6)
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where Zi = 〈zi〉, z 2i = e (1 ≤ i ≤ 3). A representation group
{e} −→ Z −→ R(G(m, 1, n)) Φ−→ G(m, 1, n) −→ {e} (exact),(1.7)
with Z := M(Gn), is given as follows.
Theorem 1.1. [II, §3.1] Let 4 ≤ n <∞.
(i) In case m is odd,
R
(
G(m, 1, n)
)
= Dn(T )⋊ S˜n,(1.8)
where σ′ ∈ S˜n acts on d = (tj)j∈In ∈ Dn(T ) through σ = ΦS(σ′) ∈ Sn as σ′(d) =
σ′dσ′ −1 = (d′j)j∈In , d
′
j = dσ−1(j).
(ii) In case m is even,
R
(
G(m, 1, n)
)
= D˜∨n (T )⋊ S˜n, D˜
∨
n (T ) := D˜n(T )× Z3,(1.9)
where ri ∈ S˜n (i ∈ In−1) acts on the generators ηj ∈ D˜n(T ) as
ri(ηj) =
{
z3ηsi(j) (j = i, i+ 1),
ηj (j 6= i, i+ 1).
(1.10)
Or, with η̂j := z
j−1
3 ηj (j ∈ In) and D∧n (T ) :=
〈
z2, η̂j (j ∈ In)
〉
,{
ri η̂j r
−1
i = z3 η̂si(j) (i ∈ In−1, j ∈ In),
D˜∨n (T ) ∼= D∧n (T )× Z3.
(1.11)
We abbreviate the notations as Dn := Dn(T ), D˜n := D˜n(T ), D
∧
n := D
∧
n (T ), S =
Sn, S
′ = S˜n, Gn = G(m, 1, n), and G′n = R
(
G(m, 1, n)
)
. Put Z = M
(
G(m, 1, n)
)
, or
Z = Z1 for m odd and Z = Z1 × Z2 × Z3 for m even.
The semidirect product structure at n =∞ is given naturally as
G∞ := G(m, 1,∞) = D∞ ⋊S∞, D∞ = D∞(T ) = lim
n→∞Dn(T ),(1.12)
G′∞ := R
(
G(m, 1,∞)) = { D∞ ⋊ S˜∞ for m odd,
(D˜∞ × Z3)⋊ S˜∞ for m even,
(1.13)
where D˜∞ = D˜∞(T ) = limn→∞ D˜n(T ).
1.2. Projective representation. Let G be a topological group. A unitary projective
representation (= spin representation) of G is a continuous map G ∋ g 7→ π(g), a unitary
transformation on a complex Hilbert space V (π), satisfying
π(g)π(h) = αg,hπ(gh) (αg,h ∈ C×),(1.14)
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where the function αg,h on G×G is called the factor set of π.
A spin irreducible representation (=IR) π of G(m, 1, n) has its spin type χ ∈ Ẑ defined
as follows. We can lift up π to a linear representation π′ of R
(
G(m, 1, n)
)
by taking a
section of G(m, 1, n) in R
(
G(m, 1, n)
)
[7, §2.3]. By abuse of terminology we say π′ a spin
IR of G(m, 1, n) and also of R
(
G(m, 1, n)
)
. Each IR Π of R
(
G(m, 1, n)
)
has its central
character χ ∈ Ẑ such as Π(z) = χ(z)I (z ∈ Z) with the identity operator I, and we call
χ the spin type of Π. We call the spin type of π′ also that of π. In case m is odd, the
non-trivial spin type is denoted by χodd, and in case m is even, the spin type χ ∈ Ẑ is
expressed as χY = (β1, β2, β3) with βi = χ
Y(zi) = ±1, where the classifying number Y= I,
II, . . . , VIII are given as follows (see Table 9.1 in [II]):
χI = (−1,−1,−1), χII = (−1,−1, 1), χIII = (−1, 1,−1), χIV = (−1, 1, 1),
χV = (1,−1,−1), χVI = (1,−1, 1), χVII = (1, 1,−1), χVIII = (1, 1, 1).
1.3. Spin characters of G(m, 1, n) and of G(m, 1,∞). Let G be a topological
group satisfying Hausdorff separation axiom, and denote by K(G) the set of all continuous
positive-definite central functions on G and by K1(G) the set of those f ∈ K(G) normalized
as f(e) = 1 at the identity element e, and by E(G) the set of all extremal elements of the
convex set K1(G). Every f ∈ E(G) is called a normalized character of G. Let π be
a finite dimensional representation, and χπ its trace character and χ˜π := χπ/dimπ its
normalized character. When G is compact, E(G) is equal to the set of all normalized
irreducible characters χ˜π of IRs π of G. In general, every element f ∈ E(G) corresponds
canonically and bijectively to a quasi-equivalence class of factor representations of finite
type [11, Theorem B].
Now take G = G′n = R
(
G(m, 1, n)
)
, 4 ≤ n ≤ ∞. A function f on G′n is said to have a
spin type χ ∈ Ẑ, if
f(zg′) = χ(z)f(g′) (z ∈ Z, g′ ∈ G′n).(1.15)
By the Fourier expansion with respect to Z, we see that any function f on G′n is expressed
as f =
∑
χ∈Ẑ f
χ, with fχ of spin type χ. On the other hand, we have, for 4 ≤ n ≤ ∞, a
decomposition
E(G′n) =
⊔
χ∈Ẑ E(G
′
n;χ),(1.16)
where E(G′n;χ) denotes the set of all f ∈ E(G′n) with spin type χ.
1.4. Limits of irreducible characters as n → ∞. Along with Gn → G∞ =⋃
n>4Gn or with G
′
n → G′∞ =
⋃
n>4G
′
n as n→∞, we study pointwise limits of normalized
irreducible characters χ˜πn for a series of IRs πn ofGn or ofG
′
n: f∞ = limn→∞ χ˜πn . This kind
of study started in the case of the symmetric groups Sn → S∞ by A.Vershik - S.Kerov ([38],
[39]), and succeeded by M.Nazarov [31] for the case of representation groups S˜n → S˜∞.
An abstract asymptotic theory of characters is generalized in [23, §§2–3] to cover the case
of inductive limits of compact groups Hn → H∞ =
⋃
n>1Hn. It is explicitly applied to the
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case of wreath product of Sn with any compact group T as Hn = Sn(T ) = Dn(T )⋊Sn →
H∞ = D∞(T ) ⋊ S∞, and proved that any character f ∈ E(H∞) can be obtained as the
pointwise limit f∞ = limn→∞ χ˜πn of a series of normalized characters χ˜πn of IRs πn of Hn
[ibid., Theorem 4.3], that is, E(H∞) ⊂ Lim(H∞), where Lim(H∞) denotes the set of all
such limits.
On the other hand, in case T is not finite, we obtain, as weak limits f∞ = limn→∞ χ˜πn ,
many everywhere discontinuous functions (called bad limits) [17, §5], apart from the to-
tality E(H∞) of characters of H∞ given as good limits. We know that the set of these
bad limits correspond to the difference of Martin boundary ∂Y(T̂ ) and minimal Martin
boundary ∂mY(T̂ ) in the notation of Theorem 3.4 in [24]. Recently we proved (but not yet
published) the bad limits are also pointwise limits of χ˜πn for well-chosen series πn’s, and
just corresponds to the difference Lim(H∞) \ E(H∞) of two limit sets.
In this paper, we calculate all the pointwise limits f∞ = limn→∞ χ˜πn , and prove that
their set Lim(G∞) or Lim(G′∞) is just equal to the set of characters E(G∞) or to E(G′∞)
respectively, and so there is no bad limit in the present case. For any χ ∈ Ẑ, if πn’s are of
spin type χ or χ˜πn ∈ E(G′n;χ), then the limit f∞ covers the totality of E(G′∞;χ). Thus
we obtain explicit character formula for any f ∈ E(G′∞). Note that, in the case of χ = χY
with Y=I, II, VII and VIII, this result has been already reported in [I] and [II].
2 Preliminaries to Part I
We study spin irreducible representations (=IRs) and their characters of generalized sym-
metric groups, using results in [I] and [II]. The results in this part will be applied in the
second part to obtain characters of R
(
G(m, 1,∞)) by taking limits as n→∞.
2.1. Construction of IRs of semidirect product groups.
We apply the method given below for constructing IRs of semidirect product groups.
Let G be a finite group of semidirect product type G = U ⋊ S, where U is a normal
subgroup of G, and S acts on U . The action of s ∈ S on u ∈ U is denoted by s(u). We
quote from [7] some results necessary in the following.
Take a unitary IR ρ of U , on a Hilbert space V (ρ), and consider its equivalence class
[ρ] ∈ Û . Every s ∈ S acts on ρ as s(ρ)(u) := ρ(s−1(u)) (u ∈ U), realised on the same space
V (ρ), and on equivalent classes as [ρ] → [s(ρ)]. Denote by Û/S the set of S-orbits in the
dual Û of U . Take the stationary subgroup S([ρ]) = {s ∈ S ; s(ρ) ∼= ρ} of a representative
[ρ] of an S-orbit in Û/S. Put H := U ⋊ S([ρ]). For s ∈ S([ρ]), we determine explicitly an
intertwining operator Jρ(s) : V (ρ)→ V (ρ) as
ρ
(
s(u)
)
= Jρ(s) ρ(u)Jρ(s)
−1 (u ∈ U).(2.1)
Then it is determined up to a non-zero scalar factor, and we have naturally a spin (or
projective) representation S([ρ]) ∋ s 7→ Jρ(s). Let αs,t ∈ T 1 = {z ∈ C ; |z| = 1} be its
factor set given as
Jρ(s)Jρ(t) = αs,t Jρ(st)
(
s, t ∈ S([ρ])).(2.2)
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Let Z be the finite subgroup of T 1 generated by {αs,t} and put K ′ = Z × K for
K = S([ρ]) with the product (z, s)(z′, t) := (zz′αs,t, st). Then K ′ = S([ρ])′ is a central
extension of K = S([ρ]) associated to the cocycle αs,t [ibid., Lemma 2.2]:
1 −→ Z −→ S([ρ])′ ΦS−→ S([ρ]) −→ 1 (exact),
where ΦS denotes the canonical homomorphism. Then Jρ can be lifted up to a linear
representation J ′ρ of S([ρ])′, acting on the same space V (ρ). Put H ′ := U ⋊S([ρ])′ with the
action s′(u) := s(u), s′ ∈ S([ρ])′, s = ΦS(s′), and
π0
(
(u, s′)
)
:= ρ(u) · J ′ρ(s′)
(
u ∈ U, s′ ∈ S([ρ])′).
Then π0 = ρ · J ′ρ is an IR of H ′ on V (ρ).
Now take an IR π1 of S([ρ])′ and consider it as a representation of H ′ through the
quotient map H ′ → H ′/U ∼= S([ρ])′, denoted as π˜1, and consider inner tensor product
π0 ⊗ π˜1 as representation of H ′, which we denote as π0 ⊡ π1 in short. Take a π1 with the
inverse factor set βs,t = α
−1
s,t . Then that of π := π
0 ⊡ π1 is trivial and π becomes a linear
(or non-spin) representation of the base group H = U ⋊ S([ρ]) of H ′. Thus we obtain a
representation of G as
Π(π0, π1) := IndGH(π
0 ⊡ π1).(2.3)
Theorem 2.1. ([7, Theorem 4.1]) For an IR ρ of U and a spin IR π1 of S([ρ]) with
the inverse factor set, the induced representation Π(π0, π1) = IndGH(π
0 ⊡ π1) of G is
irreducible.
Put Π = IndGHπ, π = π
0 ⊡ π1, then its character is given by
χΠ(g) =
∑
k˙∈H\G
χπ(kgk
−1) =
1
|H|
∑
g∈G
χπ(kgk
−1).(2.4)
Here χπ is extended from H to G by putting 0 outside H, and k˙ = Hk.
Assume that
{
ρi ; IR of U, i ∈ IU ;S
}
gives a complete set of representatives (= CSR)
for Û/S, and for each i ∈ IU ;S , let
{
π1i,j ; j ∈ Ji
}
be a CSR of equivalence classes of IRs of
S([ρi])
′ with the factor set inverse to that of Jρi . Put Hi := U⋊S([ρi]), H ′i := U⋊S([ρi])
′,
πi,j = π
0
i ⊡ π
1
i,j, and Πi,j = Π(π
0
i , π
1
i,j) = Ind
G
Hiπi,j. Define a set of IRs of G as
Ω(G) :=
{
Πi,j := Π(π
0
i , π
1
i,j) ; i ∈ IU ;S , j ∈ Ji
}
.(2.5)
Theorem 2.2. ([7, Theorem 5.1]) The set of characters
{
χΠi,j ; Πi,j ∈ Ω(G)
}
gives
a complete orthonormal system in the subspace of central elements of L2(G) with respect
to the normalized Haar measure on G. Consequently the set Ω(G) gives a complete set of
representatives for the dual Ĝ of G.
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Thus, to construct a complete set of IRs of G, we follow the following steps:
Step 1. Choose a complete set {ρi ; i ∈ IU ;S} of representatives for Û/S.
Step 2. Determine the stationary subgroup S([ρi]) in S.
Step 3. Calculate explicitly the intertwining operators Jρi(s)
(
s ∈ S([ρi]
)
.
Step 4. Determine a complete set
{
π1i,j ; j ∈ Ji
}
of representatives of spin IRs of
S([ρi])
′ with the factor set inverse to that of J ′ρi . Then take the induced representations
Πi,j = Ind
G
Hi(π
0
i ⊡ π
1
i,j).
2.2. A key lemma for induced representations. Let G be a finite group and H
its subgroup. The following property of induced representations will work as a key lemma
for calculating characters of spin IRs of G′n = R
(
G(m, 1, n)
)
.
Lemma 2.3. Let T and π be linear representations of G and H respectively. Then
IndGH
(
(T |H)⊗ π
) ∼= T ⊗ IndGH π.(2.6)
Proof. The character of Π = IndGH
(
(T |H)⊗ π
)
is calculated as, for h ∈ H,
χΠ(h) =
1
|H|
∑
g∈G: ghg−1∈H
χT (ghg−1)χπ(ghg−1),(2.7)
and χΠ(g0) = 0 for g0 ∈ G not conjugate to any element in H. Since χT is G-invariant, it
turns out to be
χΠ(h) = χT (h) · 1|H|
∑
g∈G: ghg−1∈H
χπ(ghg
−1) = χT (h)× χIndGHπ(h) .
Hence we get χΠ = χT · χIndGHπ. Consequently Π ∼= T ⊗
(
IndGHπ
)
. 
Example 2.4. For any linear representation T of G,
IndGH
(T |H) = IndGH(ResGHT ) ∼= T ⊗ IndGH1H ,
where IndGH1H is the quasi-regular representation on ℓ
2(H\G). More specifically, take the
case of H = {e} the trivial group, then the 2nd component in the most right hand side is
the regular representation R of G on ℓ2(G), and we have
T ⊗R ∼= [dim T ] · R,(2.8)
where [dim T ]· denotes the multiplicity.
3 Linear IRs of G(m, 1, n) and their characters
Let ζ(a), 0 ≤ a < m, be a character of T = Zm defined as
ζ(a)(y) := ωa, ω = e2πi/m.(3.1)
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The dual of T is expressed as T̂ = {ζ(a) ; 0 ≤ a < m}, and we give a linear order in it
according to a. Put, for even m = 2m0, the half of T̂ as
T̂ 0 := {ζ(a) ; 0 ≤ a < m0 := m/2} ⊂ T̂ .(3.2)
3.1. Linear irreducible representations. Let us review shortly this case since it
will become indispensable later, and on the way we introduce necessary notations. We
apply the general method of constructing IRs of semidirect product groups, given in 2.1, to
Gn = Dn ⋊Sn. Denote this group as G = U ⋊ S. The spin type of these linear (non-spin)
IRs is χVIII = (1, 1, 1).
Step 1. The dual Û consists of [ρ] = {ρ} of one-dimensional characters ρ given by a
partition In = (In,ζ)ζ∈T̂ : In =
⊔
ζ∈T̂ In,ζ (In,ζ = ∅ is admitted), in such a way that, for
d = (ti)i∈In ∈ Dn, ti ∈ Ti = T,
ρ(d) :=
∏
ζ∈T̂
∏
i∈In,ζ
ζ(ti).(3.3)
We denote ρ by ρIn . The action of σ ∈ S = Sn on ρ is defined as (σρ)(d) := ρ
(
σ−1d
)
(d ∈
Dn), for which a partition (I
′
ζ)ζ∈T̂ , I
′
ζ = σ
−1(In,ζ), is associated. Therefore a CSR of
Û/S is given as follows. According to the order of ζ ∈ T̂ , take subintervals In,ζ of In
successively, then we get a so-called standard partition In :=
(
In,ζ
)
ζ∈T̂ . Put nζ := |In,ζ |,
then ν := (nζ)ζ∈T̂ is a partition of n indexed by ζ. For K = T̂ or K = T̂ 0, put
Pn(K) :=
{
ν = (nζ)ζ∈K ;
∑
ζ∈K nζ = n (nζ = 0 admitted)
}
.(3.4)
A standard partition In of n and a ν ∈ Pn(T̂ ) correspond each other bijectively.
Step 2. Let SIn,ζ be the subgroup of Sn acting on In,ζ ⊂ In, and call
∏
ζ∈T̂ SIn,ζ
Frobenius-Young subgroup of Sn corresponding to the partition ν ∈ Pn(T̂ ), which will be
identified with Sν :=
∏
ζ∈T̂ Snζ . We admit Pn(T̂
0) ⊂ Pn(T̂ ) naturally.
Lemma 3.1. The stationary subgroup S([ρ]) of [ρ] is given as
S([ρ]) =
∏
ζ∈T̂SIn,ζ
∼= Sν , ν = (nζ)ζ∈T̂ , nζ := |In,ζ |.(3.5)
Step 3. An intertwining operator Jρ(σ) satisfying ρ
(
σ(d)
)
= Jρ(σ)ρ(d)Jρ(σ)
−1 is
trivial: Jρ(σ) = 1 (1-dimensional identity operator). So,
π0 : U ⋊ S([ρ]) ∋ (d, σ) 7→ ρ(d) · J ′ρ(σ) = ρ(d).(3.6)
Notation 3.2. Let Yn be the set of all Young diagram of size n, and put Y =⊔
n>0 Yn with Y 0 = {∅}. A Young diagram Dλ with i-th row of length λi and a partition
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λ = (λ1, λ2, . . .), λ1 ≥ λ2 ≥ . . . of n will be identified if convenient. For λ ∈ Yn and
µ = (µ1, µ2, . . .) ∈ Yn+1, we denote by λր µ if
µi0 = λi0 + 1 = µi0 (∃i0), λi = µi (∀i 6= i0),(3.7)
where we supply λi = 0 if necessary. For ν = (nζ)ζ∈T̂ ∈ Pn(T̂ ) and K = T̂ or T̂ 0, put
Yn(ν) :=
{
Λn = (λζ)
ζ∈T̂ ; λ
ζ ∈ Y , |λζ | = nζ (∀ζ ∈ T̂ )
}
,
Yn(K) :=
⊔
ν∈Pn(K)
Yn(ν), Y (K) :=
⊔
n>0
Yn(K).(3.8)
Any Λn = (λζ)ζ∈T̂ ∈ Yn(T̂ ) determines naturally a standard partition In = (In,ζ)ζ∈T̂ :
In =
⊔
ζ∈T̂ In,ζ , and ν = (nζ)ζ∈T̂ ∈ Pn(T̂ ), |In,ζ | = nζ . This is expressed as “ Λn  In, ν
” in the following.
For Λn ∈ Yn(K) and Mn+1 = (µζ)ζ∈K ∈ Yn+1(K), we denote Λn ր Mn+1 if λζ0 ր
µζ0 (∃ζ0 ∈ K) andλζ = µζ (∀ζ 6= ζ0). By this definition, Y (K) becomes a branching graph
in Definition 2.1 in [23].
Step 4. For S([ρ]) =
∏
ζ∈T̂ SIn,ζ
∼= Sν , we choose a CSR of its dual as follows. For
each ζ ∈ T̂ , take an IR π
λ
ζ of SIn,ζ
∼= Snζ corresponding to Young diagram λζ of size
nζ = |In,ζ |, and then take their outer tensor product as
πΛn := ⊠ζ∈T̂ πλζ with Λ
n = (λζ)
ζ∈T̂ ∈ Yn(T̂ ).
Put π1 := πΛn , then the IR π = π
0 ⊡ π1 of the subgroup H = U ⋊ S([ρ]) is determined by
Λn :=
(
λζ
)
ζ∈T̂ ∈ Yn(T̂ ) since Λn  ν ∈ Pn(T̂ ). Put
Π˘Λn := Ind
G
H(π
0 ⊡ π1).(3.9)
Theorem 3.3. For generalized symmetric group Gn = G(m, 1, n), 4 ≤ n < ∞, with
T = Zm, the set of IRs
IR
(
G(m, 1, n)
)
:=
{
Π˘Λn ; Λ
n =
(
λζ
)
ζ∈T̂ ∈ Yn(T̂ )
}
(3.10)
gives a complete set of representatives of the dual Ĝn of Gn.
3.2. Irreducible characters. We give the character of Π˘Λn . For a g = (d, σ) ∈ Gn =
G(m, 1, n) = Dn(T )⋊Sn, we put{
supp(d) := {i ∈ In ; ti 6= eT }, d = (ti)i∈In , ti ∈ Ti = T,
supp(σ) := {j ∈ In ; σ(j) 6= j}, supp(g) := supp(d)
⋃
supp(σ),
(3.11)
where eT denotes the identity element of T . A standard decomposition of g = (d, σ) ∈ Gn
is
g = (d, σ) = ξq1ξq2 · · · ξqrg1g2 · · · gs, ξq =
(
tq, (q)
)
, gj = (dj , σj),(3.12)
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where for each j ∈ J := Is, σj is a cycle of length ℓj := ℓ(σj), supp(dj) ⊂ supp(σj),
and Kj := supp(σj) (j ∈ J) are mutually disjoint. Then g ∈ Hn = H if and only if
Kj ⊂ In,ζ (∃ζ ∈ T̂ ) for each j ∈ J . We put Q := {q1, q2, . . . , qr}.
Denote by χ(πλ| ·) the character of IR πλ, λ ∈ Y k(T̂ ), of the symmetric group Sk. A
σ ∈ Sk is decomposed into a product of mutually disjoint cycles σi, and the character value
for σ is determined by the set of lengths (ℓi), ℓi = ℓ(σi),
∑
i ℓi ≤ k, which will be denoted
as χ
(
πλ
∣∣(ℓi)). Moreover we prepare notations for partitions, with parameter ζ ∈ T̂ , of Q
and J respectively as
Q := (Qζ)ζ∈T̂ , J := (Jζ)ζ∈T̂ .(3.13)
Theorem 3.4. ([9, Theorem 4, p.312]) For IR Π˘Λn , Λ
n = (λζ)
ζ∈T̂ ∈ Yn(T̂ ), of Gn =
Dn(T )⋊Sn its character χ
(
Π˘Λn | ·
)
is given as follows. If g = (d, σ) ∈ Gn is not conjugate
to an element in Hn := Dn(T )⋊
∏
ζ∈T̂ SIn,ζ , then χ
(
Π˘Λn |g
)
= 0. For g = (d, σ) ∈ Hn, let
its standard decomposition be as in (3.12). Then
χ
(
Π˘Λn |g
)
=
∑
Q,J
b(Λn;Q,J ; g)X(Λn;Q,J ; g),(3.14)
b(Λn;Q,J ; g) = (n − |supp(g)|)!∏
ζ∈T̂
(
nζ − |Qζ | −
∑
j∈Jζ
ℓj
)
!
.
X(Λn;Q,J ; g) =
∏
ζ∈T̂
( ∏
q∈Qζ
ζ(tq) ·
∏
j∈Jζ
ζ
(
P (dj)
) · χ(π
λ
ζ |(ℓj)j∈Jζ
))
,
where ℓj := ℓ(σj), P (dj) =
∏
i∈Kj ti for dj = (ti)i∈Kj , and Q = (Qζ)ζ∈T̂ , J = (Jζ)ζ∈T̂ ,
are partitions of Q and J respectively and the sum runs over all pairs (Q,J ) which satisfy
the condition
(QJ) |Qζ |+
∑
j∈Jζ
ℓj ≤ nζ = |λζ | (ζ ∈ T̂ ).
4 Spin IRs of Schur-Young subgroups of S˜n
For ν = (nζ)ζ∈K ∈ Pn(K), K = T̂ or T̂ 0, we define Schur-Young subgroup S˜ν :=
Φ −1
S
(
Sν) ⊂ S˜n under the identification Sν with
∏
ζ∈KSIn,ζ ⊂ Sn, |In,ζ | = nζ (cf. 3.1).
To describe spin IRs of this group, we introduce notations of Schur’s type.
4.1. Hauptdarstellung of Schur for Sn. Schur defined Hauptdarstellung ∆n of Tn
in [35], and we rewrite it to ∆′n of S˜n = T′n. Put 2× 2 matrices ε, a, b, c as
ε =
(
1 0
0 1
)
, a =
(
0 1
1 0
)
, b =
(
0 −i
i 0
)
, c =
(
1 0
0 −1
)
.(4.1)
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For N := [(n − 1)/2], we define matrices Xj (j ∈ I2N+1) of degree 2N : for i ∈ IN ,
X2i−1 = c⊗(i−1) ⊗ a⊗ ε⊗(N−i),
X2i = c
⊗(i−1) ⊗ b⊗ ε⊗(N−i),
X2N+1 = c
⊗N ,
(4.2)
and define ∆′n(rj) with coefficients a0 = 0, aj , bj as, for j ∈ In−1,
∆′n(rj) := aj−1Xj−1 + bjXj ,(4.3)
aj = −
√
j
2(j+1)
, bj =
√
j+1
2j
.(4.4)
Then ∆′n gives a spin IR of S˜n (cf. [19, Theorem 8.3]).
Let Pn be the set of all partitions ν = (νp)p>1, ν1 ≥ νs ≥ . . . ≥ νt ≥ 1,
∑
p∈It νp = n,
and OPn that of ν = (νp)p>1 with all νp odd. Here ℓ(ν) := t is called the length of
the partition ν. For an interval K = [a, b] ⊂ In, put σ′K := rara+1 · · · rb−1, and for
ν = (νp)p∈It ∈ Pn, put
σ′ν = σ
′
1σ
′
2 · · · σ′t, σ′j = σ′Kj , Kj = [ν1+· · ·+νj−1, ν1+· · ·+νj],(4.5)
and call this a standard representative of conjugacy classes of S˜n modulo Z1. Thus we have
a complete system of representatives {σ′ν ; ν ∈ Pn}. As symbols, we put σν = ΦS(σ′ν) =
σ1σ2 · · · σt, σi = σKi = ΦS(σ′i) ∈ SKi . Then, sgn(σ′ν) := sgn(σν) = (−1)d(ν) = (−1)n−t
with d(ν) :=
∑
p∈It(νp − 1) = n− l(ν).
Theorem 4.1. ([35, Abs.VI], [19, Theorem 8.4])
Let n ≥ 4. Then the character of Schur’s Hauptdarstellung ∆′n is given as follows.
(i) Suppose σ′ν is even. Then χ∆′n(σ
′
ν) 6= 0 if and only if ν ∈ OPn, and in that case
χ∆′n(σ
′
ν) = (−1)(n−t)/2 2[(t−1)/2] = (−1)d(ν)/2 2[(ℓ(ν)−1)/2].(4.6)
(ii) Suppose σ′ν is odd, and n is even. Then, χ∆′n(σ
′
ν) 6= 0 if and only if ℓ(ν) =
1, or equivalently σν is a cycle of length n. For ν = (n), σ
′
(n) = r1r2 · · · rn−1, σ(n) =
(1 2 3 . . . n), and
χ∆′n(σ
′
(n)) = i
n/2−1√n/2 (i = √−1) .(4.7)
(iii) Suppose σ′ν is odd, and n is odd. Then, χ∆′n(σ
′
ν) = 0.
(vi) ∆′n is self-associate or not (i.e., sgnS ·∆′n ∼= ∆′n or sgnS ·∆′n 6∼= ∆′n), according
as n is even or odd.
4.2. Spin IRs of Sn. Denote by SPn the set of all strict partitions λ = (λj)16j6l of
n : λ1 > λ2 > . . . > λl > 0,
∑
16j6l λj = n. To each λ ∈ SPn, there corresponds bijectively
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a shifted Young diagram Fλ of size n as follows: in (x, y)-plane, take y-axis downwards and
represents by (i, j) ∈N 2 a unit box with center (i, j), then
Fλ := {(i, j) ; j ≤ i ≤ λj + (j − 1)}.(4.8)
Fλ will be identified with λ if there is no fear of confusion. Let Y
sh
n be the set of all shifted
Young diagrams of size n (Y shn = ∅ for n = 0), and put
Y sh =
⊔
n>0
Y shn .(4.9)
For λ = (λj)16j6l ∈ Y shn , put{
l(λ) := l (the length of λ), d(λ) := n− l(λ),
ε(λ) := 0, 1, according as d(λ) is even or odd.
(4.10)
The Schur-Young subgroup S˜λ is canonically isomorphic to the twisted central product
[19, Definition 1.1] of Φ −1
S
(
SIn,ζ
) ∼= S˜λj as
S˜λ
∼= S˜λ1 ∗̂ S˜λ2 ∗̂ · · · ∗̂ S˜λl ,(4.11)
where S˜n := Sn × Z1 (n = 1, 2, 3). Take for each j, Schur’s Hauptdarstellung ∆′λj of S˜λj
and consider their twisted central product ∆′
λ
:= ∆′λ1 ∗̂∆′λ2 ∗̂ · · · ∗̂∆′λl (cf. [ibid., §8.3]).
Denote by τλ the unique top irreducible component of the standard induced representation
Πλ := Ind
S˜n
S˜λ
∆′
λ
. Then we know the following due to Schur [35] (cf. [19., §8]):
(4-i) τλ is self-associate, or τλ ∼= sgnS · τλ, if and only if ε(λ) = 0.
(4-ii) The complete set of representatives of spin IRs of S˜n is given by{
τλ ; λ ∈ Y shn , ε(λ) = 0
}⊔{
τλ, sgnS · τλ ; λ ∈ Y shn , ε(λ) = 1
}
.(4.12)
Lemma 4.2. (cf. [19, §10.3]) For the support of character χτλ of spin IR τλ, λ =
(λj)16j6l ∈ Y shn , of S˜n, 4 ≤ n <∞, there holds the following.
(i) Denote by Σ˜k the set of elements σ
′ ∈ S˜k for which the cycle decompositions of
σ = ΦS(σ
′) consist of only even cycles, and put
Σ˜λ := Σ˜λ1Σ˜λ2 · · · Σ˜λl ⊂ S˜λ1 ∗̂ S˜λ2 ∗̂ · · · ∗̂ S˜λl = ∗̂
16j6l
S˜λj →֒ S˜n ,
then
supp(χτλ)
⋂
A˜n ⊂ Σ˜ S˜nλ :=
⋃
σ′0∈S˜n
σ′0 Σ˜λσ
′
0
−1
.(4.13)
Moreover, for σ′ ∈ A˜n, let σ = ΦS(σ′) = σ1σ2 · · · σp be a decompositions into disjoint cycles,
and σ′ = σ′1σ′2 · · · σ′p with ΦS(σ′j) = σj (∀j), then for any permutation κ of {1, 2, . . . , p},
χτλ(σ
′) = χ
(
σ′κ(1)σ
′
κ(2) · · · σ′κ(p)
)
.
(ii) If ε(λ) = 0, then τλ is self-associate, and χτλ = 0 on C˜n = S˜n \ A˜n.
14
(iii) If ε(λ) = 1, then τλ is non-self-associate, and
supp(χτλ)
⋂
C˜n = Ξ˜
S˜n
λ
:=
⋃
σ′0∈S˜n
σ′0 Ξ˜λσ
′
0
−1
, with(4.14)  Ξ˜k := {σ
′ ∈ S˜k ; σ = ΦS(σ′) is a cycle of length k} ⊂ S˜k,
Ξ˜λ := Ξ˜λ1Ξ˜λ2 · · · Ξ˜λl ⊂ S˜λ1 ∗̂ S˜λ2 ∗̂ · · · ∗̂ S˜λl = ∗̂
16j6l
S˜λj →֒ S˜n.
4.3. Spin IRs of Schur-Young subgroup S˜ν .
For the later use, we put for ν = (nζ)ζ∈T̂ ∈ Pn(T̂ ) and K = T̂ or T̂ 0,
Y shn (ν) :=
{
Λn = (λζ)
ζ∈T̂ ; λ
ζ ∈ Y shnζ
}
,
Y shn (K) :=
⊔
ν∈Pn(K)
Y shn (ν).(4.15)
and for Λn = (λζ)ζ∈K ∈ Y shn (K), put
τΛn := ∗̂
ζ∈K
τ
λ
ζ ,(4.16) {
s(Λn) := ♯{ζ ∈ K ; ε(λζ) = 1},
d(Λn) := n−∑ζ∈K l(λζ),(4.17)
where the twisted central product ∗̂ζ∈K τλζ of τλζ ’s is taken according to the order in K ⊂ T̂ .
Then s(Λn) ≡ d(Λn) (mod 2), and τΛn is self-associate or not according as s(Λn) is even
or not.
Notation 4.3. To describe the spin dual of S˜ν = Φ
−1
S
(
Sν
)
etc., we introduce{
Y shn (ν)
ev :=
{
Λn = (λζ)ζ∈K ∈ Y shn (ν) ; s(Λn) ≡ d(Λn) ≡ 0
}
,
Y shn (ν)
odd :=
{
Λn = (λζ)ζ∈K ∈ Y shn (ν) ; s(Λn) ≡ d(Λn) ≡ 1
}
,
(4.18)
Yn(ν) = Yn(ν)
ev
⊔
Yn(ν)
odd, with(4.19)
Yn(ν)
ev := Y shn (ν)
ev, Yn(ν)
odd := Y shn (ν)
odd × {±1}.
Yn(K) = Yn(K)ev
⊔
Yn(K)odd, with(4.20)
Yn(K)ev :=
⊔
ν∈Pn(K)
Yn(ν)
ev, Yn(K)odd :=
⊔
ν∈Pn(K)
Yn(ν)
odd.
Theorem 4.4. [19, Theorem 9.1] For ν = (nζ)ζ∈K ∈ Pn(K), the twisted central product
∗̂ ζ∈K S˜nζ is naturally isomorphic to S˜ν = Φ −1S
(
Sν
)
, and a complete set of representatives
for spin dual of S˜ν is given by{
τMn ; M
n ∈ Yn(ν)
}
, with(4.21)
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τMn :=
{
τΛn , M
n = Λn ∈ Yn(ν)ev,
sgn
(1−µ)/2
S
· τΛn , Mn = (Λn, µ) ∈ Yn(ν)odd, µ = ±1.
(4.22)
Thus Yn(ν) gives a parameter space for the spin dual of Schur-Young subgroup S˜ν of S˜n.
Lemma 4.5. (cf. Lemma 4.2 and [19, §10.4]) For Λn = (λζ)ζ∈K ∈ Yn(K) with K = T̂ ,
the character of spin IR τΛn = ∗̂ζ∈K τλζ of S˜ν ∼= ∗̂ζ∈K S˜nζ , ν = (nζ)ζ∈K, nζ = |λζ |, has
the following property. For an element σ′ ∈ S˜ν , let σ′ = σ′1σ′2 · · · σ′s be a decomposition
such that σj = ΦS(σ
′
j) are disjoint cycles.
In case σ′ is even, let
∏
j∈Jζσj ∈ SIn,ζ ∼= S˜nζ ,
⊔
ζ∈K Jζ = Is, then
χ(τΛn |σ′) =
∏
ζ∈K χ
(
τ
λ
ζ
∣∣∏
j∈Jζσ
′
j
)
,
where the order in each product
∏
j∈Jζσ
′
j does not change the character value.
In case σ′ is odd, the character value χ(τΛn |σ′) is zero if s(Λn) = 0 or |supp(σ′)| < n.
Otherwise it can be calculated by means of the character formula in [ibid., Proposition 4.3]
with reference to [ibid., Theorem 10.1].
4.4. Spin IRs of the subgroup A˜n
⋂
S˜ν of Schur-Young subgroup S˜ν .
To get a CSR of spin IRs of the normal subgroup A˜ν := A˜n
⋂
S˜ν of S˜ν , generally
of index 2, we restrict spin IRs from S˜ν to A˜ν and pick up its irreducible components.
Note that, for Λn = (λζ)ζ∈K ∈ Y shn (ν), spin IR τΛn is self-associate or not according as
Λn ∈ Y shn (ν)ev or Λn ∈ Y shn (ν)odd, and in turn, this corresponds to whether the restriction
τΛn |A˜ν splits or not. We call Λn = (λ
ζ)ζ∈T̂ quasi-trivial if nζ = |λζ | ≤ 1 (∀ζ). In that case,∏
ζ∈T̂ SIn,ζ
∼= Sν is trivial, and we understand S˜ν = A˜ν ∼= Z1 and τΛn = sgnZ1 .
Notation 4.6. To describe the spin dual of A˜n ∩ S˜ν etc., we introduce
Y A,shn (ν)
ev,non :=
{
(Λn, κ) ; Λn ∈ Y shn (ν)ev non quasi-trivial, κ = 0, 1
}
,
Y A,shn (ν)
ev,tri :=
{
Λn ; Λn ∈ Y shn (ν)ev quasi-trivial
}
,
Y
A
n (ν) := Y
A,sh
n (ν)
ev,non
⊔
Y A,shn (ν)
ev,tri
⊔
Y shn (ν)
odd,(4.23)
Y
A
n (K) :=
⊔
ν∈Pn(K)
Y
A
n (ν) for K = T̂ or T̂ 0.
Note that Y A,shn (ν)
ev,tri = ∅ if n > m for ν ∈ Pn(T̂ ) (resp. if n > m0 = m/2 for
ν ∈ Pn(T̂ 0)). By using Theorem 4.4, we obtain the following.
Theorem 4.7. Put K = T̂ or T̂ 0. Let ν = (nζ)ζ∈K ∈ Pn(K). A complete set of
representatives of spin dual of A˜n ∩ S˜ν is given by
ρ˜Mn := ρ˜
(κ)
Λn
(
Mn = (Λn, κ) ∈ Y A,shn (ν)ev,non
)
,
ρ˜Mn := sgnZ1
(
Mn = Λn ∈ Y A,shn (ν)ev,tri
)
,
ρ˜Mn :=τΛn
∣∣
A˜n∩S˜ν
(
Mn=Λn ∈ Y shn (ν)odd
)
,
(4.24)
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Here ρ˜Mn = ρ˜
(κ)
Λn (κ = 0, 1) are irreducible components of τΛn
∣∣
A˜n∩S˜ν . 
5 Spin IRs of G(m, 1, n) of spin type z1 → −1
For 2 ≤ n <∞, consider a central extension G˜(m, 1, n) of G(m, 1, n) = Dn(T )⋊Sn = U⋊S
by the central subgroup Z1 = 〈z1〉, z 21 = e, given as
G˜(m, 1, n) := Dn(T )⋊ S˜n = U ⋊ S′, σ′(d) := σ(d) (σ′ ∈ S′),(5.1)
where σ = ΦS(σ
′) ∈ S = Sn. Then G˜(m, 1, n) = R
(
G(m, 1, n)
)
if m is odd, and
G˜(m, 1, n) ∼= R(G(m, 1, n))/Z23, Z23 := 〈z2, z3〉, if m is even, which are also denoted by
G˜Y(m, 1, n) for Y=odd and IV respectively, where χIV = (−1, 1, 1). A spin IR of G(m, 1, n)
of spin type z1 → −1 is nothing but an IR Π of G˜(m, 1, n) such that Π(z1) = −I (I = the
identity operator). Here we study this kind of spin IRs of the generalized symmetric group
G(m, 1, n).
5.1. Spin IRs of G˜(m, 1, n). To construct this kind of spin IRs, we follow the steps
given in 2.1.
Step 1. For a CSR of Û/S, take standard partitions In =
(
In,ζ
)
ζ∈T̂ of the interval
In = [1, n] into subintervals In,ζ as in 3.1, and characters ρ = ρIn ∈ Û in (3.3).
Step 2. The stationary subgroup S′([ρ]) in S′ of [ρ] = {ρ} is the full inverse image
under ΦS of the stationary subgroup S([ρ]) of [ρ] in S = ΦS(S
′) :
S′([ρ]) = S˜ν ∼= ∗̂
ζ∈T̂
S˜nζ , ν = (nζ)ζ∈T̂ , nζ = |In,ζ |.(5.2)
Step 3. For σ′ ∈ S′([ρ]), Jρ(σ′) = 1 and π0 : U ⋊ S′([ρ]) ∋ (d, σ′) 7→ ρ(d)Jρ(σ′) = ρ(d)
is a one-dimensional character.
Step 4. By Theorem 4.4, we know that
(*) for ν = (nζ)ζ∈T̂ ∈ Pn(T̂ ), a CSR of spin IRs of S′([ρ]) = S˜ν is given by{
τMn ; M
n ∈ Yn(ν)
}
.(5.3)
Such is the classification of spin IRs of the spin type z1 → −1. However, to give a
good parametrization of such IRs, we reverse the steps. First start from Mn ∈ Yn(T̂ )
which contains Λn ∈ Y shn (T̂ ). Let ν = (nζ)ζ∈T̂ and ρ = ρIn ∈ Û be associated with Λn
canonically. Then we have an IR π = π0 ⊡ π1 of H ′n = U ⋊ S′([ρ]), with π0 = ρ · 1 of H ′n
and π1 = τMn of S
′([ρ]). Thus we obtain a spin IR of G˜n = G˜(m, 1, n) as
ΠYMn := Π(π
0, π1) = IndG˜nH′n
(ρ⊡ τMn) for Y=odd or IV.(5.4)
Theorem 5.1. For the double covering group G˜n = G˜(m, 1, n) of generalized symmet-
ric group G(m, 1, n), 4 ≤ n < ∞, a complete set of representatives of equivalence classes
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of spin IRs of G(m, 1, n) of spin type χodd (for m odd) or χIV = (−1, 1, 1) (for m even) is
given by the set, with Y=odd or IV,
spinIRY
(
G(m, 1, n)
)
=
{
ΠYMn ; M
n ∈ Yn(T̂ )
}
.(5.5)
So Yn(T̂ ) gives a parameter space for the spin dual with this spin type. More in detail, put
ΠYΛn := Ind
G˜n
H′n
(ρ⊡ τΛn), then the above set (5.5) is equal to{
ΠYΛn ; Λ
n ∈ Y shn (T̂ )ev
}⊔{
ΠYΛn , sgn ·ΠYΛn ; Λn ∈ Y shn (T̂ )odd
}
.
5.2. Spin irreducible characters of G˜(m, 1, n). We denote the character of a
representation τ by χτ or χ(τ |·). Put Gn = G(m, 1, n), G˜n = G˜(m, 1, n). The calculation
of the character of induced representation ΠYΛn = Ind
G˜n
H′n
(ρ ⊡ τΛn) proceeds as usual. A
g′ = (d, σ′) ∈ G˜n has a standard decomposition as
g′ = (d, σ′) = ξq1ξq2 · · · ξqrg′1g′2 · · · g′s, ξq =
(
tq, (q)
)
, g′j = (dj , σ
′
j),(5.6)
where d ∈ Dn(T ), σ′, σ′j ∈ S˜n, supp(dj) ⊂ Kj := supp(σj), σj = ΦS(σ′j) a cycle. Then,
such a decomposition of g = Φ(g′) ∈ Gn is given by ξq and gj := (dj , σj). Put
Q := {q1, q2, . . . , qr}, J := Is, ℓj := ℓ(σ′j) := ℓ(σj) (j ∈ J).(5.7)
Decompositions of Q and J indexed by ζ ∈ T̂ are denoted by Q := (Qζ)ζ∈T̂ and J :=
(Jζ)ζ∈T̂ respectively.
Theorem 5.2. Let G˜n = G˜(m, 1, n) = Dn(T ) ⋊ S˜n, T = Zm, 4 ≤ n < ∞. The
character χ
(
ΠYΛn | ·
)
of spin IR ΠYΛn , Λ
n = (λζ)
ζ∈T̂ ∈ Y shn (T̂ ), with Y=odd or IV, is
given as follows: let ν = (nζ)ζ∈T̂ , nζ = |λζ |, and In =
⊔
ζ∈T̂ In,ζ the associated standard
partition, and put H ′n = Dn(T )⋊ S˜ν , S˜ν = ∗̂ζ∈T̂ S˜In,ζ .
(i) If g′ ∈ G˜n is not conjugate to an element in H ′n, then χ
(
ΠYΛn |g′
)
= 0.
(ii) If g′ = (d, σ′) ∈ H ′n has a standard decomposition given in (5.6), then
χ
(
ΠYΛn |g′
)
=
∑
Q,J
b(Λn;Q,J ; g)X(Λn;Q,J ; g′),(5.8)
b(Λn;Q,J ; g) = (n− |supp(g)|)!∏
ζ∈T̂
(
nζ − |Qζ | −
∑
j∈Jζ ℓj
)
!
,
X(Λn;Q,J ; g′) =
∏
ζ∈T̂
( ∏
q∈Qζ
ζ(tq) ·
∏
j∈Jζ
ζ
(
P (dj)
)) · χ(τΛn |σ′QJ σ′(σ′QJ )−1),
where a pair
(Q,J ) runs over such ones that satisfy the condition
(QJ) |Qζ |+
∑
j∈Jζ
ℓj ≤ nζ (∀ζ ∈ T̂ ),
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and χ
(
τΛn | ·) denotes spin character of S˜ν of spin IR τΛn, and further σ′QJ ∈ S˜n is an
element whose image σQJ = ΦS(σ′QJ ) ∈ Sn satisfies, for each ζ ∈ T̂ ,
σQJQζ ⊂ In,ζ , σQJKj ⊂ In,ζ (j ∈ Jζ).(5.9)
Taking into account Lemmas 4.2 and 4.3, we know the following
Proposition 5.3. In the character formula (5.8) of spin IR ΠYΛn , the factor X(Λ
n;Q,J ; g′)
can be rewritten, in case σ′ is even, as in the character formula (3.14) as
X(Λn;Q,J ; g′) =
∏
ζ∈T̂
{ ∏
q∈Qζ
ζ(tq)
∏
j∈Jζ
ζ
(
P (dj)
)}
χ
(
τ
λ
ζ
∣∣σ′QJ (∏j∈Jζσ′j)(σ′QJ )−1).
6 Spin IRs and their characters of spin type χI
Let 4 ≤ n < ∞, m even, and spin type χI = (−1,−1,−1). This case was treated in
[II, Part II], and here we rewrite the results there in a different, short way for the later
use. Schur multiplier for Gn = G(m, 1, n) is Z = 〈z1, z2, z3〉 and the representation group
G′n := R
(
G(m, 1, n)
)
is given in Theorem 1.1 (ii). For g′ = (d′, σ′) ∈ G′n = D˜∨n ⋊ S˜n, put
g = Φ(g′) = (d, σ) ∈ Gn = Dn ⋊Sn and
supp(d′) := supp(d), supp(σ′) := supp(σ), supp(g′) := supp(g), L(σ′) := L(σ).
6.1. Spin IRs of G′n of spin type χI = (−1,−1,−1). Write the semidirect product
group G′n = D˜∨n ⋊ S˜n by G′ = U ′ ⋊ S′, and Gn = Dn ⋊Sn by G = U ⋊ S.
Step 1. Let ε, a, b, c be 2× 2 matrices given in (4.1). For k := [n/2], we define matrices
Yj (j ∈ I2k+1) of degree 2k : for i ∈ Ik,
Y2i−1 = c⊗(i−1) ⊗ a⊗ ε⊗(k−i),
Y2i = c
⊗(i−1) ⊗ b⊗ ε⊗(k−i),
Y2k+1 = c
⊗k .
(6.1)
As parameter space, put
Γn :=
{
γ = (γ1, γ2, . . . , γn) ; 0 ≤ γj ≤ m− 1 (j ∈ In)
}
,
Γ0n :=
{
γ = (γj)j∈In ∈ Γn ; 0 ≤ γj < m0 :=m/2 (j ∈ In)
}
,
Γ1n :=
{
γ = (γj)j∈In ∈ Γn ; 0 ≤ γ1 ≤ γ2 ≤ . . . ≤ γn
}
.
(6.2)
We define two kinds of actions on γ ∈ Γn as follows: for p ∈ In, σ ∈ Sn,{
τpγ := (γ
′
j)j∈In , γ
′
p ≡ γp +m0 (mod m), γ′j = γj (j 6= p);
σγ :=
(
γσ−1(j)
)
j∈In .
(6.3)
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For γ ∈ Γn, define a one-dimensional character of U = Dn = 〈yj (j ∈ In)〉 as
ζγ = (ζj)j∈In , ζj(yj) := ω
γj (j ∈ In), ω := e2πi/m,(6.4)
and induce it up to U ′ = D∧n × Z3 through the homomorphism U ′ → U ∼= U ′/Z2,3 with
Z2,3 := 〈z2, z3〉, and denote it again by ζγ for brevity:
ζγ(η̂j) := ζγ(yj), ζγ(z2) := 1, ζγ(z3) := 1.(6.5)
For IRs of U ′ of spin type (z2, z3)→ (−1,−1), we first put
Pγ(z2) := −E, Pγ(η̂j) := ζγ(η̂j) Ŷj (j ∈ In),(6.6)
where Ŷj := (−1)j−1Yj (j ∈ In). Then Pγ is a spin IR of D∧n of dimension 2k. Their
characters are given in [II, Theorem 6.3]. By [ibid., Lemma 6.4], we know that Pγ ∼= Pγ′ if
and only if
(1) in case n is even, γ, γ′ are congruent under 〈τp (p ∈ In)〉, and
(2) in case n is odd, γ, γ′ are congruent under 〈τpτq (p, q ∈ In)〉.
In case n is odd, we put
P+γ = Pγ , P
−
γ = Pτnγ (γ ∈ Γ0n).
Denote by Û ′
(−1,−1)
the set of equivalence classes of IRs of U ′ with spin type (z2, z3) →
(−1,−1). A complete set of representatives (= CSR) of the spin dual D∧n of spin type
z2 → −1 was given in [ibid., Theorem 6.5], from which we get the following. Let sgnZ3 be
the non-trivial character of Z3 = 〈z3〉.
Lemma 6.1. A CSR of the spin dual Û ′
(−1,−1)
of spin type (z2, z3) → (−1,−1) is
given for U ′ = D∧n × Z3 as
for n ≥ 2 even, {Pγ · sgnZ3 ; γ ∈ Γ0n},
for n ≥ 3 odd, {P ǫγ · sgnZ3 ; γ ∈ Γ0n, ǫ = +,−}.
Put {
P 0 := P0 (γ = 0) in case n is even,
P+ = P0, P
− := Pτn0 in case n is odd.
(6.7)
Then Pγ = ζγP
0, P ǫγ := ζγP
± (ǫ = +,−).
The action of σ′ ∈ S′ = S˜n on η̂j ∈ D∧n is through σ = Φ(σ′) ∈ Sn as
σ′(η̂j) = z
L(σ′)
3 η̂σ(j) (j ∈ In).(6.8)
Calculating the character of (riρ)(u
′) = ρ(r−1i u
′) (u′ ∈ U ′, i ∈ In−1) for ρ = Pγ · sgnZ3 etc.,
we obtain the following.
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Lemma 6.2. (cf. [II, Theorem 7.1]) σ′ ∈ S˜n acts on IRs listed in Lemma 6.1 as
follows: with σ = ΦS(σ
′), σ′(Pγ · sgnZ3) ∼= Pσγ · sgnZ3 (σ′ ∈ S˜n). In case n ≥ 3 odd, this
gives σ′(P ǫγ · sgnZ3) ∼= P ǫσγ · sgnZ3 (ǫ = +,−).
Lemma 6.3. A CSR of the spin dual Û ′
(−1,−1)
of spin type (z2, z3)→ (−1,−1) under
the action of S′ = S˜n is given by
ρ =
{
Pγ · sgnZ3 (γ ∈ Γ0n ∩ Γ1n), for n even,
P±γ · sgnZ3 (γ ∈ Γ0n ∩ Γ1n), for n odd.
(6.9)
Step 2. γ = (γj)j∈In ∈ Γn determines ζγ = (ζj)j∈In , ζj = ζ(γj) ∈ T̂ , and then a
partition In of In = [1, n] as
In := (In,ζ)ζ∈T̂ , In,ζ := {j ∈ In ; ζj = ζ}, In =
⊔
ζ∈T̂ In,ζ .(6.10)
Lemma 6.4. (cf. [II, Theorem 7.2]) A parameter γ ∈ Γ0n ∩ Γ1n corresponds bijectively
to a standard partition (In,ζ)ζ∈T̂ 0 of In, or to ν = (nζ)ζ∈K ∈ Pn(K) with nζ = |In,ζ |
and K = T̂ 0 (i.e., γ ↔ ν). In this situation, the stationary subgroup S′([ρ]) of ρ =
Pγ · sgnZ3 , P+γ · sgnZ3 and P−γ · sgnZ3 in S′ = S˜n is given as
S′([ρ]) = S˜ν := Φ −1S
(∏
ζ∈KSIn,ζ
) ∼= ∗̂
ζ∈K
S˜nζ .(6.11)
Step 3. Let ρ be a spin IR of U ′ listed in Lemma 6.1. For σ′ ∈ S′([ρ]), the equivalence
σ′(ρ) ∼= ρ is realised by an intertwining operator Jρ(σ′) satisfying
ρ
(
σ′ −1(d′)
)
= Jρ(σ
′)−1ρ(d′)Jρ(σ′) (d′ ∈ U ′).(6.12)
Put Ŷj = (−1)j−1Yj (j ∈ In) and
∇n(rj) := 1√
2
(Ŷj − Ŷj+1) (j ∈ In−1),(6.13)
∇−n (rj) := −(iŶn)∇n(rj) (iŶn)−1
(
j ∈ In−1, i =
√−1).(6.14)
Then, ∇−n (rj) = ∇n(rj) (j ∈ In−2), ∇−n (rn−1) = 1√2
(
Ŷn−1 + Ŷn
)
, and ∇n and ∇−n both
give spin representations of S˜n.
Lemma 6.5. [II, Theorem 9.2, p.166]
(i) Let ρ be one of Pγ · sgnZ3 , P+γ · sgnZ3 (= Pγ · sgnZ3) in Lemma 6.1. An intertwining
operator in (6.12) is given as Jρ(σ
′) = cσ′∇n(σ′) (∃cσ′ ∈ C×). Put cσ′ = 1 (∀σ′), then
Jρ(σ
′) := ∇n(σ′) gives a spin representation of S′([ρ]).
(ii) When n is odd, let ρ = P−γ ·sgnZ3 in Lemma 6.1. An intertwining operator in (6.12)
is given as Jρ(σ
′) = cσ′∇−n (σ′) (∃cσ′ ∈ C×). Put cσ′ = 1 (∀σ′), then Jρ(σ′) := ∇−n (σ′) gives
a spin representation of S′([ρ]).
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Step 4. As the counter part π1 of π0 = ρ · Jρ, we take non-spin IRs (with respect to
Z1) of the stationary subgroup S
′([ρ]), or linear IRs of the quotient group
S′([ρ])/Z1 = Φ −1S
(∏
ζ∈KSIn,ζ
)/
Z1 ∼=
∏
ζ∈KSnζ , nζ = |In,ζ |.
A CSR of the dual of S′([ρ])/Z1 is given similarly as in Step 4 in §3.1, but in case of
spin type χI here, we take K = T̂ 0, instead of K = T̂ there :
Yn(K) =
{
Λn = (λζ)ζ∈K ; λζ ∈ Y , ν = (nζ)ζ∈K ∈ Pn(K), nζ = |λζ |
}
.
For Λn = (λζ)ζ∈K ∈ Yn(K), put πΛn := ⊠ζ∈K πλζ , an outer direct tensor product, and
take π1 := πΛn . From Λ
n, the standard partition In = (In,ζ)ζ∈K of In and a partition ν =
(nζ)ζ∈K ∈ Pn(K) are determined. With ν ↔ γ, this situation is expressed as Λn  γ,In,ν.
We put, for π0, π1 above,
Π(π0, π1) = Ind
G′n
H′n
(π0 ⊡ π1) with H ′n := U
′ ⋊ S′([ρ]).(6.15)
Theorem 6.6. (cf. [II, Theorem 11.5]) Suppose 4 ≤ n <∞. A complete system of rep-
resentatives spinIRI
(
G(m, 1, n)
)
of spin IRs of R
(
G(m, 1, n)
)
of spin type χI = (−1,−1,−1)
is given, with K = T̂ 0, as follows.
(i) In case n is even, let Λn ∈ Yn(K), Λn  γ, and put
ΠIΛn := Π(π
0, π1) with π0 =
(
Pγ · sgnZ3
) · ∇n, π1 = πΛn ,
spinIRI
(
G(m, 1, n)
)
=
{
ΠIΛn ; Λ
n ∈ Yn(K)
}
.
(ii) In case n is odd,
Π I+Λn := Π(π
0, π1) with π0 =
(
P+γ · sgnZ3
) · ∇n, π1 = πΛn ,
Π I−Λn := Π(π
0, π1) with π0 =
(
P−γ · sgnZ3
) · ∇−n , π1 = πΛn ,
spinIRI
(
G(m, 1, n)
)
=
{
ΠIǫΛn ; (ǫ,Λ
n) ∈ {+,−} × Yn(K)
}
.
6.2. Special spin IRs and tensor products with them. As an important conse-
quence of Lemma 6.1, we have the following structural information about spin IRs listed
in Theorem 6.6. In (6.7), we took special spin IRs of D˜n as P
0 := P0 (γ = 0) for n even,
and P+ := P0, P
− := Pτn0 for n odd. Here take also, for K = T̂ 0,
Λn0 := (λ
ζ)ζ∈K ∈ Yn(K) with λζ0 = (n), λζ = ∅ (ζ 6= ζ0 := ζ(0)).(6.16)
For this special Λn0 , the subgroup H
′
n is equal to G
′
n itself and the corresponding spin IRs
of G′n is nothing else but{
ΠI0n := Π
I
Λn0
=
(
P 0 · sgnZ3
) · ∇n , for n ≥ 4 even,
ΠI±n := Π
I±
Λn0
=
(
P± · sgnZ3
) · ∇±n , for n ≥ 5 odd.(6.17)
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Proposition 6.7. Let 4 ≤ n < ∞. Spin IRs of spin type χI have the following
equivalence relation containing (non-spin) linear IRs : for Λn ∈ Yn(K), K = T̂ 0,
ΠIΛn
∼= ΠI0n ⊗ Π˘Λn , ΠI±Λn ∼= ΠI±n ⊗ Π˘Λn .
Proof. For the first equivalence, take T = ΠI0n and π = (ζγ 1Z3) · πΛn , where Λn  γ ∈
Γ0n ∩ Γ1n. Then, by Lemma 2.3, we obtain the desired equivalence. Other two equivalences
can be obtained similarly. 
6.3. Spin irreducible characters of spin type χI = (−1,−1,−1).
6.3.1. Conjugacy classes modulo Z in G′n = R
(
G(m, 1, n)
)
= D˜∨n ⋊ S˜n.
For g′1, g′2 ∈ G′n, g′1 is said to be conjugate to g2 modulo Z if
g′1 = zg
′
0g
′
2g
′
0
−1
(∃z ∈ Z,∃g′0 ∈ G′).
Lemma 6.8. (cf. [II, Lemma 16.1]) Any element of G′n = R
(
G(m, 1, n)
)
= D˜∨n ⋊ S˜n
is conjugate modulo Z to an element g′ satisfying the normalization condition:
(NC) g′ = (d′, σ′) ∈ G′n has a decomposition g′ = ξ′q1 · · · ξ′qr g′1 · · · g′s, such that
ξ′q =
(
t′q, (q)
)
= η̂
aq
q , g′j = (d
′
j , σ
′
j), Kj := supp(σ
′
j) ⊃ supp(d′j),
Kj is a subinterval [aj , bj ] of In = [1, n],
σ′j = σ
′
Kj
:= rajraj+1 · · · rbj−1, d′j = η̂
ord(d′j )
aj , for j ∈ J := Is,
Q := {q1, q2, . . . , qr} and Kj (j ∈ J) are mutually disjoint,
(6.18)
where ord
(
z a2 z
b
3 η̂
a1
1 η̂
an
2 · · · η̂ ann
)
:=
∑
j∈In aj (mod m).
Such an element g′ ∈ G′n is called a standard representative of conjugacy classes modulo
Z of G′n.
Take Λn = (λζ)ζ∈K ∈ Yn(K), K = T̂ 0, and let Λn  γ,ν,In.
Lemma 6.9. Let ρ ∈ Û ′(−1,−1) be as in Lemma 6.3, and put H ′n := U ′ ⋊ S′([ρ]).
Then, a standard representative g′ ∈ G′n in (6.18) is contained in H ′n if and only if “Kj ⊂
In,ζ (∀j ∈ J, ∃ζ ∈ K = T̂ 0).”
6.3.2. Characters of spin IRs of G′n of spin type χI.
We introduce two conditions concerning the supports of characters as follows. Express
g′ = (d′, σ′) ∈ G′n in the form of g′ = ξ′q1 · · · ξ′qr g′1 · · · g′s, where ξ′q and g′j = (d′j , σ′j) are basic
components with disjoint supports. Then
Condition (I-00)
{
ord(d′) + L(σ′) ≡ 0 (mod 2) ,
ord(ξ′qi) ≡ 0 (∀i), ord(d′j) + L(σ′j) ≡ 0 (mod 2) (∀j) ;
Condition (I-11)
{
|supp(g′)| = n odd, ord(d′) + L(σ′) ≡ 1 (mod 2) ,
ord(ξ′qi) ≡ 1 (∀i), ord(d′j) ≡ 1 (mod 2) (∀j).
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The characters of special spin IRs are given as follows.
Theorem 6.10. Let g′ = (d′, σ′) ∈ G′n = D˜∨n ⋊ S˜n.
(i) Case of even n = 2n′ ≥ 4.
If g′ = (d′, σ′) ∈ G′ satisfies the condition : ord(d′) + L(σ′) ≡ 0 (mod 2), then
χ
(
ΠI0n
∣∣g′) = tr(ΠI0n (g′)) 6= 0 ⇐⇒ g′ satisfies Condition (I-00).
Under Condition (I-00), for a standard representative g′ ∈ G′n of conjugacy classes modulo
Z in (6.18), with ℓj = ℓ(σ
′
j) := ℓ(σj), σj = ΦS(σ
′
j),
χ
(
ΠI0n
∣∣g′) = 2n′ ·∏
j∈J(−1)
[(ℓj−1)/2] 2−(ℓj−1)/2.(6.19)
If g′ satisfies the condition : ord(d′) + L(σ′) ≡ 1 (mod 2), then χ(ΠI0n ∣∣g′) = 0.
(ii) Case of odd n = 2n′ + 1 ≥ 5.
If g′ = (d′, σ′) ∈ G′n satisfies the condition : ord(d′) + L(σ′) ≡ 0 (mod 2), then
χ
(
ΠI−n
∣∣g′) = χ(ΠI+n ∣∣g′) = χ(ΠI0n ∣∣g′), and is given by the formula (6.19).
If g′ satisfies : ord(d′) + L(σ′) ≡ 1 (mod 2), then χ(ΠI−n ∣∣g′) = −χ(ΠI+n ∣∣g′), and
χ
(
ΠI+n
∣∣g′) 6= 0 ⇐⇒ g′ satisfies Condition (I-11).
Under Condition (I-11), for g′ ∈ G′n a standard representative of conjugacy classes modulo
Z given in (6.18),
χ
(
ΠI+n
∣∣g′) = εI(g′) (2i)n′ ·∏
j∈J(−1)
[(ℓj−1)/2] 2−(ℓj−1)/2,
where the sign εI(g′) = ±1 is determined explicitly by a formula in [II, Theorem 19.3,
p.230].
Now we give spin irreducible characters of G′n of spin type χI in general.
Theorem 6.11. [II, Theorem 19.9] Let Λn =
(
λζ)
ζ∈T̂ 0 ∈ Yn(T̂ 0). For g′ = (d′, σ′) ∈
G′n = D˜∨n ⋊ S˜n, put g = Φ(g′) ∈ Gn = G(m, 1, n).
(i) Case of even n ≥ 4.
In general, χ
(
Π IΛn
∣∣g′) = χ(ΠI0n ∣∣g′)× χ(Π˘Λn |g).
If g′ satisfies ord(d′) + L(σ′) ≡ 0 (mod 2), then
χ
(
Π IΛn
∣∣g′) 6= 0 =⇒ g′ satisfies Condition (I-00).
If g′ satisfies ord(d′) + L(σ′) ≡ 1 (mod 2), then χ(Π IΛn∣∣g′) = 0.
(ii) Case of odd n ≥ 5.
In general, χ
(
ΠIǫΛn
∣∣g′) = χ(ΠIǫn ∣∣g′)× χ(Π˘Λn |g) (ǫ = +,−).
If g′ satisfies ord(d′) + L(σ′) ≡ 0 (mod 2), then
χ
(
ΠI±Λn
∣∣g′) 6= 0 =⇒ g′ satisfies Condition (I-00).
If g′ satisfies ord(d′) + L(σ′) ≡ 1 (mod 2), then
χ
(
ΠI−Λn
∣∣g′) = −χ(ΠI+Λn∣∣g′), and
χ
(
ΠI±Λn
∣∣g′) 6= 0 =⇒ g′ satisfies Condition (I-11).
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7 Spin IRs and their characters of spin type χII
7.1. Spin IRs of spin type type χII. Let 4 ≤ n < ∞, m even, and spin type
χII = (−1,−1, 1). We use the notations in Theorem 1.1 (ii), and put G′n = R
(
G(m, 1, n)
)
=
D˜∨n ⋊ S˜n = U ′ ⋊ S′, D˜∨n = D˜n × Z3 (= D∧n × Z3). The details of construction of IRs of
spin type χII are given in [II, §12], and here we summarize the results. We put K = T̂ 0 for
the case of spin type χII.
Step 1. For IRs ρ of U ′ = D˜∨n = D∧n × Z3 of spin type (z2, z3) → (−1, 1), we refer
Lemma 6.1 : with the trivial character 1Z3 of Z3,
A CSR of the spin dual Û ′
(−1,1)
of U ′ of spin type (z2, z3)→ (−1, 1) is given by
ρ =
{
Pγ · 1Z3 (γ ∈ Γ0n), for n even,
P ǫγ · 1Z3 (γ ∈ Γ0n, ǫ = +,−), for n odd.
(7.1)
Lemma 7.1. The action of S′ on this spin dual is through ΦS : S˜n → Sn as
for n ≥ 2 even, σ′(Pγ1Z3) ∼= Pσγ1Z3
(
σ = ΦS(σ
′) ∈ Sn
)
,
for n ≥ 3 odd,
{
σ′(P+γ 1Z3) ∼= P+σγ1Z3 , σ′(P−γ 1Z3) ∼= P−σγ1Z3 (σ′ ∈ A˜n),
σ′(P+γ 1Z3) ∼= P−στnγ1Z3 , σ′(P−γ 1Z3) ∼= P+στnγ1Z3 (σ′ 6∈ A˜n).
Lemma 7.2. A CSR for Û ′
(−1,1)
/S′ is given as
for n ≥ 2 even, {Pγ1Z3 ; γ ∈ Γ0n ∩ Γ1n},
for n ≥ 3 odd, {P+γ 1Z3 ; γ ∈ Γ0n ∩ Γ1n}⊔{P−γ 1Z3 ; γ ∈ Γ0n ∩ Γ1n, γj all different}.
Step 2. We determine stationary subgroup S′([ρ]) as follows.
Lemma 7.3. The stationary subgroup S′([ρ]) of spin IRs ρ = Pγ1Z3 , P+γ 1Z3 and
P−γ 1Z3 (γ ∈ Γ0n ∩ Γ1n) of U ′ = D˜∨n is given as follows:
For n ≥ 2 even, S′([Pγ1Z3 ]) = Φ −1S (∏ζ∈T̂ 0SIn,ζ) = S˜ν .
For n ≥ 3 odd, S′([P±γ 1Z3 ]) = A˜n⋂Φ −1S (∏ζ∈T̂ 0SIn,ζ) = A˜n ∩ S˜ν .
Step 3. Two spin IRs ∇′n, ∇′′n of S˜n are defined as (cf. [II, §8.1, p.158]){
∇′n(ri) := 1√2(Yi − Yi+1) (i ∈ In−1), ∇
′
n(z1) := −E,
∇′′n(r′i) := −Y2n′+1∇′n(r′i)Y2n′+1 (i ∈ In−1), ∇′′n(z1) := −E.
(7.2)
Also, for n = 2n′ even, a spin representation of S˜n = S˜2n′ is defined by
∇IIn (rj) = (iY2n′+1)∇′n(rj) = (iY2n′+1) · 1√2(Yj − Yj+1) (j ∈ I2n′−1).(7.3)
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For n = 2n′+1 odd, two spin representations of A˜n = A˜2n′+1 are defined by restricting
∇′n and ∇′′n : for σ′ ∈ A˜n,
℧+n := ∇′n|A˜n , ℧
−
n := ∇′′n|A˜n .(7.4)
Proposition 7.4. [II, Theorem 10.2, p.168]
(i) Case of n ≥ 2 even. For ρ = Pγ1Z3
(
γ ∈ Γ0n
)
, an intertwining operator in
(6.12) for σ′ ∈ S′([ρ]) is (up to a scalar multiple) Jρ(σ′) = ∇IIn (σ′), and this gives a spin
representation of the stationary subgroup S′([ρ]).
(ii) Case of n ≥ 3 odd. For ρ = P εγ 1Z3
(
γ ∈ Γ0n, ε = +,−
)
, an intertwining operator
for σ′ ∈ S′([ρ]) ⊂ A˜n is (up to a scalar multiple) Jρ(σ′) = ℧εn(σ′). In a special case where
S′([ρ]) = Z1, we understand as Jρ = ℧εn|Z1 = sgnZ1 · I (I = the identity operator).
Step 4. A representation π0 = ρ · Jρ of the subgroup H ′n = U ′ ⋊ S′([ρ]) has spin
type (z1, z2, z3) → (−1,−1, 1), and as its counter part, IR π1 of S′([ρ]) should have the
trivial spin type z1 → 1 and is a linear IR of S′([ρ])/Z1. Recall that Λn = (λζ)ζ∈T̂ 0 ∈
Yn(T̂
0) determines naturally a standard partition In = (In,ζ)ζ∈T̂ 0 of In, ν = (nζ)ζ∈T̂ 0 ∈
Pn(T̂
0), |In,ζ | = nζ , and γ ∈ Γ0n ∩ Γ1n, i.e., Λn  In, ν, γ.
Step 4-1. Case of n even. For ρ = Pγ , we have S
′([ρ])/Z1 ∼=
∏
ζ∈T̂ 0Snζ = Sν . A CSR
of the dual of Sν is given by the set {πΛn ; Λn ∈ Yn(T̂ 0)}.
Step 4-2. Case of n odd.
Case odd-1. Case where nζ ≤ 1 (∀ζ ∈ T̂ 0), and so n ≤ m0 = m/2. For ρ = P+γ 1Z3
(or P−γ 1Z3),
∏
ζ∈T̂ 0 SIn,ζ = {e} and so S′([ρ]) = Z1. We can take Jρ = ℧+n |S′([ρ]) = sgnZ1·I.
Then representation of S′([ρ])/Z1 ∼= {e} is π1 = 1 (trivial representation).
Case odd-2. Case where nζ ≥ 2 (∃ζ ∈ T̂ 0).
For ρ = P+γ 1Z3 , we have S
′([ρ])/Z1 ∼= An
⋂
Sν . A CSR of IRs of the direct product
group Sν is given by the set {πΛn ; Λn = (λζ)ζ∈T̂ 0 ∈ Yn(T̂ 0)}. From this, we obtain
necessary IRs by restriction from Sν to An
⋂
Sν of index 2 as follows.
Lemma 7.5. (i) For an IR πλ (λ ∈ Y q) of Sq, there holds sgn · πλ ∼= π(tλ).
(ii) When sgn · πλ ∼= πλ (⇔ tλ = λ), the restriction πλ|An splits into two mutually
non-equivalent IRs as ρ
(0)
λ
⊕ ρ(1)
λ
.
(iii) When sgn · πλ 6∼= πλ (⇔ tλ 6= λ), the restriction ρλ := πλ|An ∼= (π tλ)|An is
irreducible.
Notation 7.6. For the dual of An
⋂
Sν , let K = T̂ 0 or T̂ and
Y An (K) := Y An (K)asym
⊔
Y An (K)sym
⊔
Yn(K)tri,
Y An (K)asym :=
{{Λn, tΛn} ; Λn = (λζ)ζ∈K ∈ Yn(K), tΛn 6= Λn},
Y An (K)sym :=
{
(Λn, κ) ; Λn ∈ Yn(K), tΛn = Λn, |λζ | ≥ 2 (∃ζ), κ = 0, 1
}
,
Yn(K)tri :=
{
Λn ; Λn = (λζ)ζ∈K, quasi-trivial, i.e, |λζ | ≤ 1 (∀ζ)
}
.
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Here, Y An (K)tri 6= ∅ only when n ≤ m0 = m/2 (resp. n ≤ m) according as K = T̂ 0 (resp.
K = T̂ 0), and Λn is non quasi-trivial for Y An (K)asym and Y An (K)sym, in the terminology of
§4.4.
Lemma 7.7. Put G0 = Sν , H
0 = An ∩G0 = An ∩Sν .
(i) For Λn = (λζ)ζ∈K ∈ Yn(K), put ν = (nζ)ζ∈K ∈ Pn(K), nζ = |λζ |. For an IR πΛn
of G0 =
∏
ζ∈KSnζ , sgn · πΛn ∼= π(tΛn) with t(Λn) = tΛn := (tλζ)ζ∈K.
(ii) Assume nζ ≥ 2 (∃ζ ∈ K). Then [G0 : H0] = 2.
(a) When tΛn = Λn, i.e., tλζ = λζ (∀ζ ∈ K), πΛn |H0 ∼= ρ(0)Λn ⊕ ρ(1)Λn , ρ(0)Λn 6∼= ρ(1)Λn .
(b) When tΛn 6= Λn, i.e., tλζ 6= λζ (∃ζ ∈ K), ρΛn := πΛn |H0 ∼= (π tΛn)|H0 is irre-
ducible.
(iii) For a fixed ν = (nζ)ζ∈K ∈ Pn(K), ∃nζ ≥ 2, the set of IRs listed in (a) and (b) gives
a complete set of representatives of IRs of H0.
Taking induced representations Π(π0, π1) = Ind
G′n
H′n
(π0⊡π1) from H ′n = U ′⋊S′([ρ]), we
get spin IRs of G′n of spin type χII = (−1,−1, 1) as follows, with K = T̂ 0.
(II.even) For n ≥ 4 even,
ΠIIΛn = Π(π
0, π1), π0 =
(
Pγ1Z3 · ∇IIn
)|H′n , π1 = πΛn , Λn ∈ Yn(T̂ 0).
(II.odd) For n ≥ 5 odd, with ℧+n , ℧−n in (7.4), and H ′n ⊂ G′An := D˜∨n ⋊ A˜n,
1. {Λn, tΛn} ∈ Y An (T̂ 0)asym, Π℧+Λn = Π(π0, π1), π0 =
(
P+γ 1Z3 · ℧+n
)|H′n , π1 = ρΛn ,
2. (Λn, κ) ∈ Y An (T̂ 0)sym, Π℧+Λn, κ = Π(π0, π1), π0 =
(
P+γ 1Z3 · ℧+n
)|H′n , π1= ρ(κ)Λn ,
3. (ǫ,Λn) ∈ {±} × Yn(T̂ 0)tri Π℧ǫΛn = Π(π0, π1), π0 =
(
P ǫγ 1Z3 · ℧ǫn
)|H′n , π1 = ρΛn ,
where, for (ǫ,Λn) above, S′([ρ]) = Z1, H ′n = U ′ × Z1, ρΛn = 1Z1 .
Special spin IRs of spin type (z1, z2, z3)→ (−1,−1, 1).
We define special spin IRs of spin type χII as{
for n ≥ 4 even, ΠII0n := (P 01Z3) · ∇IIn , spin IR of G′n,
for n ≥ 5 odd, Π℧ǫ,An := (P ǫ1Z3) · ℧ǫn (ǫ = ±), spin IR of G′An .
(7.5)
Proposition 7.8.
(i) For n ≥ 4 even, ΠIIΛn ∼= ΠII0n ⊗ Π˘Λn , Λn ∈ Yn(T̂ 0).
(ii) For n ≥ 5 odd, let GAn := Φ(G′An ), Hn := Φ(H ′n) with
G′An := D˜
∨
n ⋊ A˜n = U
′ ⋊ A˜n, H ′n := U
′ ⋊ S′([ρ]) ⊂ G′An ,(7.6)
and Π℧
ǫ,A
n := P ǫ1Z3 ·℧ǫn (ǫ = +,−) a spin IR of G′An . Then, Hn = Dn ⋊
(
An ∩Sν
)
, Λn  
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ν, γ, and according to Cases 1, 2 and 3 in (II.odd),
Case 1. Π℧
+
Λn
∼= IndG′nG′An
(
Π℧
+,A
n ⊗ IndG
A
n
Hn
(
ζγ1Z3 · ρΛn
))
,
Case 2. Π℧
+
Λn,κ
∼= IndG′nG′An
(
Π℧
+,A
n ⊗ IndG
A
n
Hn
(
ζγ1Z3 · ρ(κ)Λn
))
,
Case 3. Π℧
ǫ
Λn
∼= IndG′nG′An
(
Π℧
ǫ,A
n ⊗ IndG
A
n
Hn
(
ζγ1Z3 · ρΛn
))
.
Proof. (i) Apply Lemma 2.3 for the pair (G,H) with G = G′n = U ′⋊S′, H = U ′⋊S′([ρ]),
and T = (P 01Z3) · ∇IIn = ΠII0n , π = ζγ ⊡ πΛn .
(ii) Apply Lemma 2.3 for G = G′An , H = U ′ ⋊ S′([ρ]) ⊂ G, and T = (P ǫ1Z3) · ℧ǫn (ǫ =
±) and π = ζγ ⊡ ρΛn , ζγ ⊡ ρ(κ)Λn , ζγ ⊡ ρΛn respectively for three cases. Then we obtain
Ind
G′An
H′n
(π0⊡π1) ∼= Π℧ǫ,An ⊗ IndG
′A
n
H′n
(
ζγ⊡ρΛn
)
etc. We induce up these equivalences from G′An
to the whole G′n, getting asserted equivalences respectively. 
Theorem 7.9. Let n ≥ 4. A complete set of representatives spinIRII(G(m, 1, n)) of
spin IRs of R
(
G(m, 1, n)
)
of spin type χII = (−1,−1, 1) is given as follows:
(i) Case of n even. spinIRII
(
G(m, 1, n)
)
=
{
ΠIIΛn ; Λ
n ∈ Yn(T̂ 0)
}
.
(ii) Case of n odd, n > m0 = m/2.
spinIRII
(
G(m, 1, n)
)
=
{
Π℧+Λn ; {Λn, tΛn} ∈ Y An (T̂ 0)asym
}⊔{
Π℧+Λn,κ ; (Λ
n, κ) ∈ Y An (T̂ 0)sym
}
.
(iii) Case of n odd, n ≤ m0 = m/2.
spinIRII
(
G(m, 1, n)
)
=
{
Π℧+Λn ; {Λn, tΛn} ∈ Y An (T̂ 0)asym
}⊔{
Π℧+Λn,κ ; (Λ
n, κ) ∈ Y An (T̂ 0)sym
}⊔{
Π℧ǫΛn ; (ǫ,Λ
n) ∈ {+,−} × Yn(T̂ 0)tri
}
.
7.2. Spin irreducible characters of spin type χII for n = 2n′ ≥ 4 even.
We calculate the character of Π = Ind
G′n
H′n
π, π = π0 ⊡ π1. Since the results are quite
different, we divide the cases into two, depending on n even or odd.
Among IRs ΠIIΛn , pick up a special one Π
II0
n := (P
0
1Z3) · ∇IIn for Λn = (λζ)ζ∈T̂ 0 with
λζ
(0)
= (n) and λζ = ∅ for ζ 6= ζ(0).
Lemma 7.10. The character of spin IR ΠIIΛn for Λ
n ∈ Yn(T̂ 0) is given as
χ
(
ΠIIΛn
∣∣g′) = χ(ΠII0n ∣∣g′)× χ(Π˘Λn |g) (g′ ∈ G˜ IIn , g = Φ(g′) ∈ Gn).(7.7)
Proof. Apply Proposition 7.8 (i). 
The non-spin character χ
(
Π˘Λn |g
)
for Λn ∈ Yn(T̂ 0) ⊂ Yn(T̂ ) is given by the formula
(3.14). On the other side, we have χ
(
ΠII0n
∣∣g′) = χP 0(d′) · χ∇IIn (σ′) for g′ = (d′, σ′) ∈ G′n =
U ′⋊S′. Take g′ with standard decomposition g′ = ξ′q1 · · · ξ′qr g′1 · · · g′s, g′j = (d′j , σ′j), and put
Q := {q1, q2, . . . , qr}, J := Is. Consider two conditions on G′ as
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Condition (II-00)
{
ord(d′) ≡ 0, L(σ′) ≡ 0 (mod 2) ;
ord(ξ′qi) ≡ 0 (∀i), ord(d′j) + L(σ′j) ≡ 0 (mod 2) (∀j),
Condition (II-11)
{
|supp(g′)| = n = 2n′, ord(d′) ≡ L(σ′) ≡ 1, r + s ≡ 1,
ord(ξ′qi) ≡ 1 (i ∈ Ir), ord(d′j) ≡ 1 (j ∈ Is) (mod 2).
Put sgn(σ′) := (−1)L(σ′), and divide the set of suffices J = {1, 2, . . . , s} as
J = J+
⊔
J−, J± := {j ∈ J ; sgn(σ′j) = ±1}.(7.8)
Lemma 7.11. [II, Theorem 20.2, p.237] Let n ≥ 4 be even.
(i) Case of L(σ′) ≡ 0 (mod 2) :
χ
(
ΠII0n
∣∣g′) 6= 0 ⇐⇒ g′ satisfies Condition (II-00).
For such a g′, but normalised as in (6.18),
χ
(
ΠII0n
∣∣g′) = 2n′ ·∏
j∈J(−1)
(ℓj−1)/2 2−(ℓj−1)/2,(7.9)
where, for j ∈ J−, ℓj is even and (−1)1/2(−1)1/2 := −1.
(ii) Case of L(σ′) ≡ 1 (mod 2) :
χ
(
ΠII0n
∣∣g′) 6= 0 ⇐⇒ g′ satisfies Condition (II-11).
For such a g′, but normalised as in (6.18),
χ
(
ΠII0n
∣∣g′) = εII(g′) · 2n′in′−1 ·∏
j∈J(−1)
ℓj−1 2−(ℓj−1)/2
= −εII(g′) · 2n′in′−1 ·
∏
j∈J2
−(ℓj−1)/2,
where the sign εII(g′) = ±1 is determined by a formula in [ibid., Theorem 17.7].
Note. For the formula (7.9), the sign factor ε
(∏
j∈J− g
′
j
)
in front of the right hand side
in the general formula in [II, Theorem 20.2] disappeared here thanks to the normalization
(6.18).
Theorem 7.12. [II, Theorem 20.2] Let n ≥ 4 be even, Λn = (λζ)
ζ∈T̂ 0 ∈ Yn(T̂ 0), Λn  
γ,ν,In, and ρ = Pγ1Z3 . For g′ = (d′, σ′) ∈ G′n, put g = Φ(g′) ∈ Gn = G(m, 1, n), σ =
ΦS(σ
′) ∈ Sn, sgnS(σ′) := sgnS(σ). Then,
χ(Π IIΛn |g′) = χ(ΠII0n |g′)× χ(Π˘Λn |g), χ(Π IItΛn |g′) = sgnS(σ′)χ(Π IIΛn |g′).
For g′ = (d′, σ′) ∈ H ′n = D˜n
II
⋊ S′([ρ]), S′([ρ]) = S˜ν ,
If L(σ′) ≡ 0 (mod 2), then χ(Π IIΛn |g′) 6= 0 =⇒ g′ satisfies Condition (II-00).
If L(σ′) ≡ 1 (mod 2), then χ(Π IIΛn |g′) 6= 0 =⇒ g′ satisfies Condition (II-11).
If g′ is not conjugate to an element in H ′n, then χ
(
Π IIΛn
∣∣g′) = 0, χ(Π˘Λn |g) = 0.
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7.3. Spin irreducible characters of spin type χII for n = 2n′ + 1 ≥ 5 odd.
Directly from Proposition 7.8, we obtain
Lemma 7.13. For spin IRs of G′n = R
(
G(m, 1, n)
)
, n odd, of spin type χII =
(−1,−1, 1), there hold the following relations: according to the cases in (II.odd),
Case 1. χ
(
Π℧
+
Λn
)
= Ind
G′n
G′An
(
χ
(
Π℧
+,A
n
) · χ(IndGAnHn(ζγ 1Z3 · ρΛn))),
Case 2. χ
(
Π℧
+
Λn,κ
)
=Ind
G′n
G′An
(
χ
(
Π℧
+,A
n
) · χ(IndGAnHn(ζγ 1Z3 · ρ(κ)Λn ))),
Case 3. χ
(
Π℧
ǫ
Λn
)
=Ind
G′n
G′An
(
χ
(
Π℧
ǫ,A
n
) · χ(IndGAnHn(ζγ 1Z3 · ρΛn))),
where Hn = Φ(H
′
n) = Dn ⋊
(
An ∩ Sν
)
, Λn  γ,ν, and for a class function F on G′An ,(
Ind
G′n
G′An
F
)
(g′) = F (g′) + F (σ′g′σ′ −1) (g′ ∈ G′n) for a σ′ ∈ S˜n \ A˜n .
We give characters of the special spin IRs Π℧
ǫ,A
n of G′An , n = 2n′ + 1 [II, §17.5].
Lemma 7.14. (i) For spin IRs Π℧
ǫ,A
n = P ǫ1Z3 ·℧ǫn (ǫ = +,−) of G′An , the representa-
tion matrices of Π℧
−,A
n (g′) (g′ ∈ G′n) are given by replacement Y2n′+1 → −Y2n′+1 from those
of Π℧
+,A
n (g′).
(ii) For an s′0 ∈ S˜n \ A˜n, s′0
(
Π℧
+,A
n
) ∼= Π℧−,An . Put ΠIIoddn := IndG′nG′An Π℧+,An a spin IR
of G′n, then Ind
G′n
G′An
Π℧
−,A
n
∼= ΠIIoddn and ΠIIoddn |G′An ∼= Π
℧+,A
n ⊕Π℧
−,A
n .
For g′ = (d′, σ′) ∈ G′An , take a standard decomposition g′ = ξ′q1 · · · ξ′qr g′1 · · · g′s, g′j =
(d′j , σ
′
j), and divide J = Is as J = J+
⊔
J−, Jǫ := {j ∈ J ; sgnS(σ′j) = ǫ1}, ǫ = +,−. For
characters of the special spin IRs of G′An =
(
D˜n × Z3
)
⋊ A˜n, we have the following.
Theorem 7.15. [II, §17.5]
Let n ≥ 5 be odd, and g′ = (d′, σ′) ∈ G′An be as above.
(i) Case of ord(d′) ≡ 0 (mod 2):
χ
(
Π℧
ǫ,A
n
∣∣g′) 6= 0 ⇐⇒ g′ satisfies the condition (II-00).
In this case, |J−| is even, and if g′ is a standard representative modulo Z in (6.18),
χ
(
Π℧
ǫ,A
n
∣∣g′) = 2n′ ∏
j∈J+
2−(ℓj−1)/2(−1)(ℓj−1)/2 ·
∏
j∈J−
2−(ℓj−1)/2(−1)ℓj/2−1
= 2n
′
∏
j∈J
(−1)[(ℓj−1)/2] 2−(ℓj−1)/2.(7.10)
(ii) Case of ord(d′) ≡ 1 (mod 2):
χ
(
Π℧
±,A
n
∣∣g′) 6= 0 ⇐⇒ g′ satisfies the condition (℧-11) below:
(℧-11)
{
|supp(g′)|=n=2n′+1, ord(d′) ≡ 1, L(σ′) ≡ 0 (mod 2),
ord(ξ′q) ≡ 1 (q ∈ Q), ord(d′j) ≡ 1 (j ∈ J) (∴ r+s≡1).
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In this case, |J−| is even, and if g′ is a standard representative modulo Z in (6.18),{
χ
(
Π℧
−,A
n
∣∣g′) = −χ(Π℧+,An ∣∣g′),
χ
(
Π℧
+,A
n
∣∣g′) = ε℧(g′) · (2i)n′ ·∏j∈J 2−(ℓj−1)/2 ,
where the sign ε℧(g′) = ±1 is determined by putting YKj :=
∏
p∈KjYp (product according to
the order of p), ∏
q∈QYq ×
∏
j∈JYKj = ε
℧(g′) · Y1Y2 · · · Yn .(7.11)
Now we give the character of spin IR (of spin type χII) ΠIIoddn = Ind
G′n
G′An
Π℧
+,A
n
∼=
Ind
G′n
G′An
Π℧
−,A
n of G′n = R
(
G(m, 1, n)
) ⊃ G′An , n = 2n′ + 1.
Theorem 7.16. Let n ≥ 5 be odd. Then, for g′ = (d′, σ′) ∈ G′n = R
(
G(m, 1, n)
)
,
χ
(
ΠIIoddn
∣∣g′) = { 2χ(Π℧+,An ∣∣g′), if g′ ∈ G′An (i.e. L(σ′) ≡ 0 (mod 2)),
0 , if g′ 6∈ G′An (i.e. L(σ′) ≡ 1 (mod 2)).
Further, for irreducible characters of spin type χII, we have (cf. [II, §20.2]),
Theorem 7.17. Let n ≥ 5 be odd, and Πn be one of Π℧+Λn , Π℧+Λn, κ and Π℧ǫΛn in Cases
1, 2 and 3 in (II.odd) just before Proposition 7.8. Then its character satisfies the following.
Let s′0 ∈ S˜n \ A˜n and put s0 = ΦS(s′0).
(i) For g′ 6∈ G′An , χ(Πn|g′) = 0.
(ii) For g′ = (d′, σ′) ∈ G′An = U ′ ⋊ A˜n, let g = (d, σ) ∈ GAn = U ⋊ An be its canonical
image. Recall Hn = Φ(H
′
n) = Dn ⋊
(
An ∩Sν
)
, Λn  γ,ν.
In case ord(d′) = ord(d) ≡ 0 (mod 2),
1. {Λn, tΛn} ∈ Y An (T̂ 0)asym, χ(Π℧
+
Λn |g′) = χ
(
Π℧
+,A
n
∣∣g′) · χ(IndGnHn(ζγ · ρΛn)∣∣g),
2. (Λn, κ) ∈ Y An (T̂ 0)sym, χ(Π℧
+
Λn,κ|g′) = χ
(
Π℧
+,A
n
∣∣g′) · χ(IndGnHn(ζγ · ρ(κ)Λn )∣∣g),
3. (ǫ,Λn) ∈ {±} × Yn(T̂ 0)tri, χ(Π℧ǫΛn |g′) = χ
(
Π℧
ǫ,A
n
∣∣g′) · χ(IndGnHn(ζγ · ρΛn)∣∣g).
In case ord(d′) ≡ 1 (mod 2), with an s0 = ΦS(s′0) ∈ Sn \ An,
1. χ(Π℧
+
Λn |g′) = χ
(
Π℧
+,A
n
∣∣g′)(χ(IndGAnHn(ζγ · ρΛn)∣∣g) − χ(IndGAnHn(ζγ · ρΛn)∣∣s0gs−10 )),
2. χ(Π℧
+
Λn,κ|g′)=χ
(
Π℧
+,A
n
∣∣g′)(χ(IndGAnHn(ζγ · ρ(κ)Λn )∣∣g)−χ(IndGAnHn(ζγ · ρ(κ)Λn )∣∣s0gs−10 )),
3. χ(Π℧
ǫ
Λn |g′) = χ
(
Π℧
ǫ,A
n
∣∣g′)(χ(IndGAnHn(ζγ · ρΛn)∣∣g)− χ(IndGAnHn(ζγ · ρΛn)∣∣s0gs−10 )).
Proof. For the 1st part of (ii), it suffices to note χ
(
Π℧
+,A
n
∣∣g′) = χ(Π℧+,An ∣∣s′0g′s′0−1) and
χ
(
IndGnHn(ζγ · ρΛn)
∣∣g) = χ(IndGAnHn(ζγ · ρΛn)∣∣g)+ χ(IndGAnHn(ζγ · ρΛn)∣∣s0gs−10 ). For the 2nd part
of (ii), it suffices to note χ
(
Π℧
+,A
n
∣∣g′) = −χ(Π℧+,An ∣∣s′0g′s′0−1). 
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Recall linear IRs Π˘Λn of Gn = G(m, 1, n) in (3.10).
Lemma 7.18. In Cases 1, 2 and 3 in Theorem 7.17 respectively, we have
1. {Λn, tΛn} ∈ Y An (T̂ 0)asym, IndGnHn(ζγ · ρΛn) ∼= Π˘Λn ⊕ Π˘tΛn , where
Π˘tΛn(g) = sgnS(σ)Π˘Λn(g) for g = (d, σ),
2. (Λn, κ) ∈ Y An (T̂ 0)sym, IndGnHn(ζγ · ρ
(κ)
Λn )
∼= Π˘Λn (κ = 0, 1),
3. (ǫ,Λn) ∈ {±} × Yn(T̂ 0)tri, IndGnHn(ζγ · ρΛn) ∼= Π˘Λn .
Proposition 7.19. Let n ≥ 5 be odd. For characters of spin IRs Π℧+Λn , Π℧+Λn, κ and Π℧ǫΛn
of spin type χII, we have the following expression.
On the subset defined by ord(d′) = ord(d) ≡ 0 (mod 2),
1. {Λn, tΛn} ∈ Y An (T̂ 0)asym, χ(Π℧
+
Λn ) =
1
2χ(Π
IIodd
n ) ·
(
χ(Π˘Λn) + χ(Π˘tΛn)
)
,
2. (Λn, κ) ∈ Y An (T̂ 0)sym, χ(Π℧+Λn,κ) = 12χ(ΠIIoddn ) · χ
(
Π˘Λn),
3. (ǫ,Λn) ∈ {±} × Yn(T̂ 0)tri, χ(Π℧ǫΛn) = 12χ(ΠIIoddn ) · χ
(
Π˘Λn
)
.
On the subset defined by ord(d′) ≡ 1 (mod 2),
1. χ(Π℧
+
Λn |g′) = 12χ
(
ΠIIoddn
∣∣g′)(χ(IndGAnHn(ζγ · ρΛn)∣∣g)− χ(IndGAnHn(ζγ · ρ tΛn)∣∣g)),
2. χ(Π℧
+
Λn,κ
∣∣g′)= 12χ(ΠIIoddn ∣∣g′)(χ(IndGAnHn(ζγ · ρ(κ)Λn )∣∣g)−χ(IndGAnHn(ζγ · ρ(κ+1)Λn )∣∣g)),
3. χ(Π℧
ǫ
Λn
∣∣g′) = 12χ(ΠIIoddn ∣∣g′)( ∑
σ∈An
ζγ
(
σ(d)
) − ∑
σ∈Sn\An
ζγ
(
σ(d)
)) · δSne (σ),
where κ+ 1 is understood in mod 2, and δSne is the delta function on Sn supported on the
identity element e ∈ Sn.
Proof. For the second part, in Cases 1 and 2, take s′0 such that s0 ∈ Sν \ Aν , then
s0γ = γ. Note that, in Case 1 and Case 2 respectively, for σ ∈ Sν ,
χ
(
ρΛn |s0σs−10
)
= χ
(
ρ tΛn |σ
)
, χ
(
ρ
(κ)
Λn )|s0σs−10
)
= χ
(
ρ
(κ+1)
Λn )|σ
)
.
Corollary 7.20. In general, spin IRs Π℧+Λn , Π
℧+
Λn, κ and Π
℧ǫ
Λn of spin type χ
II are not
equivalent to tensor products Π(1) ⊗Π(2) of two IRs Π(i)’s of G′n.
8 Spin IRs of spin type χIII = (−1, 1,−1)
Here we classify and construct spin IRs of G(m, 1, n) of spin type χIII = (−1, 1,−1). We
keep to the notations in §6.1, and G′n = R
(
G(m, 1, n)
)
= D˜∨n ⋊ S˜n is abbreviated as
G′ = U ′ ⋊ S′, where U ′ = D˜∨n = D∧n × Z3, D∧n = 〈z2, η̂j (j ∈ In)〉.
Step 1. IRs of the group U ′ of spin type (z2, z3)→ (1,−1) are one-dimensional charac-
ters. A character of U ′ is called spin or non-spin depending on whether (z2, z3) → (1,−1)
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or (z2, z3)→ (1, 1). The sets of such characters are denoted by Û ′
(1,−1)
and Û ′
(1,1)
respec-
tively. Put ω := e2πi/m and m0 = m/2. For γ ∈ Γn, define characters ζ∧γ of D∧n , and Zγ of
U ′ = D˜∨n = D∧n × Z3 as
ζ∧γ (z
b
2 η̂
a1
1 η̂
a2
2 · · · η̂ ann ) := ωγ1a1ωγ2a2 · · ·ωγnan , Zγ := ζ∧γ · sgnZ3 .(8.1)
Then Û ′
(1,−1)
=
{
Zγ ; γ ∈ Γn
}
, and for m0 := (m0,m0, . . . ,m0) ∈ Γn, Zγ+m0(d′) =
(−1)ord(d′)Zγ(d′) (d′ ∈ D˜∨n ). Moreover Û ′
(1,1)
=
{
ζγ ; γ ∈ Γn
}
, where ζγ is naturally
induced from U = Dn up to U
′ as in (6.5). Note that ζγ can be expressed by (ζj)j∈In with
ζj(η̂j) := ζj(yj) = ω
γj , ζj ∈ T̂ ∼= 〈η̂j〉, i.e., ζγ = (ζj)j∈In .
Lemma 8.1. The action of S′ = S˜n on spin character Zγ is given as follows: for
γ = (γj)j∈In ∈ Γn, as equality in mod m,{
riZγ = Z(r IIIi γ)
, r IIIi γ := siγ +m
0,
σ′ IIIγ = σγ + L(σ)m0, σγ = (γσ−1(j))j∈In
(
σ′ ∈ Sn, σ = ΦS(σ′)
)
.
(8.2)
Proof. For i ∈ In−1, ri(Zγ)(η̂j) = Zγ
(
r −1i (η̂j)
)
= Zγ
(
z3η̂si(j)
)
= −ωγsi(j) = −Zsiγ(η̂j) =
Zsiγ+m0(η̂j) (j ∈ In). 
Under this action of S′, a CSR of spin characters for Û ′
(1,−1)
/S′ is given as follows. For
γ ∈ Γ1n, choose 0 ≤ p ≤ n as{
γ0 := 0 ≤ γ1 ≤ γ2 ≤ . . . ≤ γp < m0 = m/2,
m0 ≤ γp+1 ≤ . . . ≤ γn < m,
(8.3)
and put q = n−p. Put γ′p+j := γp+j −m0 (j ∈ Iq), and{
Ψ0(γ) := (γ
′
p+1, . . . , γ
′
n, γ1 +m
0, . . . , γp +m
0) ∈ Γ1n,
Ψ1(γ) := (γp+1, . . . , γn, γ1, . . . , γp) ∈ Γn.
(8.4)
Then Ψ1(γ) ≡ Ψ0(γ)+m0 (elementwise mod m). For γ, γ′ ∈ Γn, denote by γ ∼ γ′ if they
are mutually conjugate under S˜n.
Lemma 8.2. (i) For any γ ∈ Γ1n ,
γ ∼ Ψ1(γ) + pqm0 ≡ Ψ0(γ) + (pq + 1)m0 (mod m).(8.5)
If pq is even, then Ψ1(γ) ∼ γ, and if pq is odd (∴ n even), then Ψ0(γ) ∼ γ.
(ii) For γ ∈ Γ1n , if γj = γj+1 (∃j), then r IIIj γ = γ +m0, Ψ0(γ) ∼ γ, Ψ1(γ) ∼ γ.
(iii) Let γ ∈ Γ1n. If all γj are distinct, then n ≤ m. If Ψ0(γ) = γ, then n is even.
33
Proposition 8.3. The set Û ′
(1,−1)/
S′ of conjugacy classes of characters of spin type
(z2, z3) → (1,−1) of U ′ under the action of S′ = S˜n corresponds 1-1 way to Γn/∼, and
has a complete set of representatives
{
Zγ ; γ ∈ ΓIIIn
}
, where the subset ΓIIIn ⊂ Γn is given
as follows. Denote by 4 the lexicographic order in Γn.
(i) Case of n odd. ΓIIIn = Γ
III,0
n
⊔
ΓIII,1n (if n > m, then Γ
III,1
n = ∅), with
ΓIII,0n :=
{
γ ∈ Γ1n ; γ 4 Ψ0(γ), γj = γj+1 (∃j)
}
,
ΓIII,1n :=
{
γ ∈ Γ1n ; γj ’s are all distinct
}
.
(i) Case of n even. ΓIIIn = Γ
III,0
n
⊔
ΓIII,1n
⊔
ΓIII,2n , Γ
III,0
n = Γ
III,0,≺
n
⊔
ΓIII,0,=n
(if n > m, then ΓIII,1n = Γ
III,2
n = ∅),
ΓIII,0,≺n :=
{
γ ∈ Γ1n ; γ ≺ Ψ0(γ), γj = γj+1 (∃j)
}
,
ΓIII,0,=n :=
{
γ ∈ Γ1n ; γ = Ψ0(γ), γj = γj+1 (∃j)
}
,
ΓIII,1n :=
{
γ ∈ Γ1n ; γj all distinct, pq even
}
,
ΓIII,2n :=
{
γ′,Ψ1(γ′) ; γ′ ∈ Γ1n, γ′ 4 Ψ0(γ′), γ′j all distinct, pq odd
}
.
Proof. (a) Case of γj = γj+1 (∃j). By Lemmas 8.1 and 8.2.
(b) Case of γj all different. For γ ∈ Γn, there exists σ ∈ Sn such that γ′ :=
σγ ∈ Γ1n. So, depending on whether σ = ΦS(σ′) is even or odd, σ′ IIIγ ≡ σγ or ≡
σγ +m0 (mod m). Accordingly, ∃γ′ ∈ Γ1n such that γ ∼ γ′ or γ ∼ γ′ +m0. In the latter
case, for γ′+m0, since γ′ = Ψ0(γ0) (∃γ0 ∈ Γ1n), we have γ′+m0 = Ψ0(γ0)+m0 = Ψ1(γ0).
So, γ is connected by ∼ to an element in B = {γ′,Ψ1(γ′) ; γ′ ∈ Γ1n}. When pq is even,
inside B, Ψ1(γ
0) ∼ γ0 and no other relation ∼ is possible. When pq is odd, let τ ′pq ∈ S˜n be
such element that τpq = ΦS(τ
′
pq) is the exchange of two subintervals [1, . . . , p], [p+1, . . . , n]
of [1, 2, . . . , n]. Then only possible action of S˜n inside B is by τ
′
pq: τ
′
pq
IIIγ′ = Ψ0(γ′), and
τ ′pq
III(Ψ1(γ′)) = γ′ +m0 which is in B only when γ′ = Ψ0(γ′) and equals to Ψ1(γ′) itself.

Step 2. We determine the stationary subgroup in S′ = S˜n of spin character ρ = Zγ ∈
Û ′
(1,−1)
(γ ∈ ΓIIIn ). As notations necessary in the following, we put
S˜n(γ) :=
{
σ′ ∈ S˜n ; σ′ IIIγ = γ
}
, Sn(γ) :=
{
σ ∈ Sn ; σγ = γ
}
,
A˜n(γ) :=
{
σ′ ∈ A˜n ; σ′ IIIγ (= σγ) = γ
}
, An(γ) :=
{
σ ∈ An ; σγ = γ
}
.
Proposition 8.4. For ρ = Zγ , γ = (γj) ∈ ΓIIIn , the stationary subgroup S′([ρ]) in
S′ = S˜n of equivalence class [ρ] is given as follows.
(i) Case of n odd: S′([ρ]) = A˜n(γ),
in particular, for γ ∈ ΓIII,1, S′([ρ]) = A˜n(γ) = Z1.
(ii) Case of n even: n = 2n′.
(ii-1) For γ ∈ ΓIII,0,≺n
(
here γ 6= Ψ0(γ)
)
, S′([ρ]) = A˜n(γ).
(ii-2) For γ ∈ ΓIII,0,=n
(
here γ = Ψ0(γ)
)
,
put τ0 := (1 n
′+1)(2 n′+2) · · · (n′ n) ∈ Sn , and take its preimage τ ′0 ∈ S˜n. Then
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(τ ′0)2 = z
n′(n′−1)/2
1 , τ0γ = Ψ1(γ) ≡ Ψ0(γ) +m0 = γ +m0 (mod m).
(1) If n′ is odd, then τ ′0 is odd, and S′([ρ]) = A˜n(γ)
⊔
τ ′0 A˜n(γ).
(2) If n′ is even, then τ ′0 is even, 6∈ S′([ρ]), and γj = γj+1 (∃j),
S′([ρ]) = A˜n(γ)
⊔
(rjτ
′
0) A˜n(γ).
(ii-3) If γj’s are all distinct, then S
′([ρ]) = A˜n(γ) = Z1.
Proof. Assume σ′ ∈ S˜n be odd. Since σ′ IIIγ ≡ σγ +m0, to be σ′ ∈ S′([ρ]) or to be
σ′ IIIγ ≡ γ, it is necessary to be σγ ≡ γ +m0. Since σγ and γ have the same components,
the right hand side should be equal to Ψ1(γ) = Ψ0(γ)+m
0. Hence Ψ0(γ) = γ. Accordingly,
if Ψ0(γ) 6= γ, we have S′([ρ]) ⊂ A˜n. This proves (ii-1).
If n is odd, then Ψ0(γ) 6= γ by Lemma 8.2. So we get (i).
(ii-2) (τ ′0)
2 = z
n′(n′−1)/2
1 follows from the next lemma. Corresponding to n
′ even or
odd, τ ′0 is even or odd, and then τ ′0
IIIγ ≡ τ0γ ≡ Ψ1(γ), or τ ′0 IIIγ ≡ τ0γ +m0 ≡ Ψ0(γ).
Succeeding detailed discussions are omitted here. 
Lemma 8.5. (cf. [II, Lemma 7.2]) For j < k, put
rjk := (rjrj+1 · · · rk−2)rk−1(rk−2 · · · rj+1rj), rkj := rjk,
then, (rjk)
2 = e, ΦS(rjk) = sjk := (j k), transposition of j, k, and{
rirjkr
−1
i = z1rjk (j, k 6= i, i+ 1),
rirjir
−1
i = rj,i+1, rirj,i+1r
−1
i = rji (j 6= i, i+ 1). 
(8.6)
Step 3. Since ρ = Zγ is one-dimensional, we can put Jρ = 1 (trivial).
Step 4. Let us choose the counter part π1 for π0 = ρ · Jρ = Zγ · 1 (γ ∈ Γ1n).
Step 4-a. Case of S′([ρ]) = A˜n(γ), cf. Proposition 8.4 (i), (ii-1), (ii-3):
In the case of distinct γj ’s, S
′([ρ]) = A˜n(γ) = Z1, π1 = sgnZ1 .
In the contrary case, with ζ∨γ = (ζ∨j )j∈In in (8.1), put
In =
⊔
ζ∈T̂ In,ζ , In,ζ = {j ∈ In ; ζ
∨
j = ζ}, ν = (nζ)ζ∈T̂ , nζ = |In,ζ |,(8.7)
and S˜ν := Φ
−1
S
(∏
ζ∈T̂SIn,ζ
)
. Then
∏
ζ∈T̂ Snζ
∼= Sν and
S′([ρ]) = A˜n(γ) = S˜ν
⋂
A˜n, S˜ν ∼= ∗̂
ζ∈T̂
S˜nζ .(8.8)
A CSR of spin IRs of S˜ν for ν ∈ P (T̂ ) is given by Theorem 4.4, and that of spin IRs
of its subgroup S′([ρ]) = A˜n(γ) = S˜ν
⋂
A˜n by Theorem 4.7.
Step 4-b. Case of S′([ρ]) = A˜n(γ)
⊔
s′0A˜n(γ), cf. Proposition 8.4 (ii-2):
35
Put s′0 := τ ′0 or rjτ ′0 (resp. s0 := ΦS(s′0) = τ0 or sjτ0) if n′ is odd or even. Then
s0 is odd, and s
2
0 = e (unit element). Since Ψ0(γ) = τ0γ +m
0 (mod m), there exists
δ = (δj)j∈In′ ∈ Γ1n′ of half size n′ = n/2 such that
γ = (δ, δ+m0), δ+m0 := (δ1+m
0, δ2+m
0, . . . , δn′+m
0),(8.9)
and s0γ = τ0γ = (δ+m
0, δ). With ζ(a) in (3.1), put T̂ 0 = {ζ(a) ; 0 ≤ a < m0}, ν0 :=
(νζ)ζ∈T̂ 0 , then nζ(m0)ζ = nζ (ζ ∈ T̂ 0), and
S˜ν
∼= S˜(l)
ν0
∗̂ S˜(r)
ν0
, A˜n(γ) = A˜n
⋂
S˜ν .(8.10)
Here the left hand side S˜
(l)
ν0
∼= S˜ν0 and the right hand side S˜(r)ν0 ∼= S˜ν0 act respectively on
the left half I
(l)
n := {1, 2, . . . , n′} and on the right half I(r)n := (1 + n′, 2 + n′, . . . , n) of In.
We can and do identify Y shn (ν) with Y
sh
n′ (ν
0)× Y shn′ (ν0).
Put S := S˜ν , A := A˜n(γ), C := S′([ρ]) = A ⊔ s′0A. To get a CSR of spin IRs of C, we
first start from a spin IR of S, and restrict it to the subgroup A of index 2, and then induce
its irreducible components up to C: S ց A ր C.
Lemma 8.6. (Restriction S ↓ A) Let Λn = (Λn′,1,Λn′,2) be an element of Y shn (ν) =
Y shn′ (ν
0) × Y shn′ (ν0). Take spin IR τΛn ∼= τ(Λn′,1) ∗̂ τ(Λn′,2) of S = S˜(l)ν0 ∗̂ S˜
(r)
ν0
. If s(Λn) is
even, then τΛn is self-associate and τΛn |A ∼= ρ˜(Λn,0)
⊕
ρ˜(Λn,1) , ρ˜(Λn,0) 6∼= ρ˜(Λn,1). If s(Λn) is
odd, then τΛn is non self-associate and τΛn |A =: ρ˜Λn is irreducible.
The set of spin IRs obtained in this way gives a CSR (= complete system of represen-
tatives) of spin IRs of A.
Lemma 8.7. (Action of s′0 on A)
Put s′0 := τ ′0 for n′ = n/2 odd, and s′0 := rjτ ′0 for n′ even.
(i) Conjugacy action of s′0 = τ
′
0 on σ
′ = σ′1 ∗̂σ′2 ∈ A = A˜(γ) ⊂ S˜(l)ν0 ∗̂ S˜
(r)
ν0
is s′0σ
′s′0
−1 =
σ′2 ∗̂σ′1 (transposition of components). That of s′0 = rjτ ′0 with rj ∈ S˜(l)ν0 is s′0σ′s′0−1 =
σ′2 ∗̂ (rjσ′1r−1j ).
(ii) For Λn = (Λn
′,1,Λn
′,2) ∈ Y shn (ν) = Y shn′ (ν0)×Y shn′ (ν0), put τ0(Λn) := (Λn
′,2,Λn
′,1).
If s(Λn) is odd, then s′0
(
ρ˜Λn
)
= ρ˜ τ0(Λn). If s(Λ
n) is even, then s′0
(
ρ˜
(κ)
Λn
) ∼= ρ˜ (κ+1)τ0(Λn), where
κ+ 1 = 0, 1 is under mod 2, and in case τ0(Λ
n) 6= Λn, the suffices κ′ = 0, 1 of ρ˜ (κ′)τ0(Λn) will
be appropriately adjusted.
Proof. (i) For generators rjrk of A, we calculate explicitly τ ′0(rjrk)τ ′0−1 by means of
Lemma 8.5. (ii) follows from (i). 
Lemma 8.8. (Inducing up A ↑ C) Let Λn = (Λn′,1,Λn′,2) ∈ Y shn′ (ν0)× Y shn′ (ν0).
(i) Case of τ0(Λ
n) 6= Λn.
For Mn ∈ Y An containing Λn, TAMn := IndCA ρ˜Mn is irreducible and equivalent to TAM ′n
with M ′n obtained from Mn by replacing Λn by τ0(Λn).
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(ii) Case of τ0(Λ
n) = Λn.
For Mn ∈ Y An containing Λn, TAMn := IndCA ρ˜Mn is reducible and splits into two non-
equivalent irreducible components: TAMn
∼= TAMn;0
⊕
TAMn;1.
(iii) The set of IRs of C = S′([ρ]) = A˜n(γ)
⊔
s′0A˜n(γ) listed above gives a CSR of spin
IRs of C.
Start with Λn = (λζ)
ζ∈T̂ ∈ Y shn (T̂ ), then Λn  γ ∈ Γ1n, ν = (nζ)ζ∈T̂ ∈ Pn(T̂ ),
nζ = |λζ |. So we have naturally ρ = Zγ and π0 = ρ · Jρ = Zγ · 1. Its counter part π1, a
spin IR of S′([ρ]), is given by Λn as explained in Theorem 4.7, Lemmas 8.6, and 8.7. Thus
a CSR of spin IRs of G′n is given by Π(π0, π1) = Ind
G′n
H′n
(π0 ⊡ π1) with H ′n = U ′ ⋊ S′([ρ]).
We list up them giving appropriate names.
List 8.9. Spin IRs of G′n = R
(
G(m, p, n)
)
of spin type χIII.
(i) Case of n odd. ΓIIIn = Γ
III,0
n
⊔
ΓIII,1n .
• Case of γ ∈ ΓIII,0n =
{
γ ∈ Γ1n; γ 4 Ψ0(γ), γj = γj+1 (∃j)
}
: S′([ρ]) = A˜n(γ).
For Mn ∈ Y An (ν) containing Λn, π1 = ρ˜Mn , ΠIIIMn := IndG
′
n
H′n
(
Zγ1S′([ρ]) ⊡ ρ˜Mn
)
.
• Case of γ ∈ ΓIII,1n =
{
γ ∈ Γ1n; γj are all distinct
}
: S′([ρ]) = A˜n(γ) = Z1,
For Mn = Λn quasi-trivial, π1 = sgnZ1 , Π
III
Mn := Ind
G′n
H′n
(
Zγ 1S′([ρ]) ⊡ sgnZ1
)
.
(i) Case of n even. ΓIIIn = Γ
III,0
n
⊔
ΓIII,1n
⊔
ΓIII,2n .
• Case of γ ∈ ΓIII,0,≺n =
{
γ ∈ Γ1n ; γ ≺ Ψ0(γ), γj = γj+1 (∃j)
}
: S′([ρ]) = A˜n(γ).
For Mn ∈ Y An (ν) containing Λn, π1 = ρ˜Mn , ΠIIIMn := IndG
′
n
H′n
(
Zγ1S′([ρ]) ⊡ ρ˜Mn
)
.
• Case of γ ∈ ΓIII,0,=n =
{
γ ∈ Γ1n ; γ = Ψ0(γ), γj = γj+1 (∃j)
}
:
S′([ρ]) = A˜n(γ)
⊔
s′0A˜n(γ).
For Mn ∈ Y A,shn (ν) containing Λn,
(1) If τ0(Λ
n) 6= Λn, then π1 = TAMn , ΠIIIMn := IndG
′
n
H′n
(
Zγ1S′([ρ]) ⊡ T
A
Mn
)
.
Let τ0(M
n) be obtained from Mn by replacing Λn by τ0(Λ
n), then
ΠIIIMn
∼= ΠIIIτ0(Mn).
(2) If τ0(Λ
n)=Λn, then π1=TAMn; ι (ι = 0, 1), Π
III
Mn; ι :=Ind
G′n
H′n
(
Zγ1S′([ρ]) ⊡ T
A
Mn; ι
)
.
• Case of γ ∈ ΓIII,1n
⊔
ΓIII,2n : S′([ρ]) = Z1,
For Mn = Λn quasi-trivial, π1 = sgnZ1 , Π
III
Mn := Ind
G′n
H′n
(
Zγ1S′([ρ]) ⊡ sgnZ1
)
.
Theorem 8.10.
(
Spin IRs of spin type χIII = (−1, 1,−1)) A complete set of repre-
sentatives of spin IRs of the representation group R
(
G(m, 1, n)
)
, n ≥ 4, of spin type χIII is
given as follows.
(i) Case of n odd: spinIRIII
(
G(m, 1, n)
)
=
{
ΠIIIMn ; M
n ∈ Y An (T̂ ), γ ∈ ΓIIIn
}
.
(ii) Case of n even:
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spinIRIII
(
G(m, 1, n)
)
=
{
ΠIIIMn ; M
n ∈ Y An (T̂ ), γ ∈ ΓIII,0,≺
⊔
ΓIII,1
⊔
ΓIII,2
}⊔{
ΠIIIMn
∼= ΠIIIτ0(Mn) ; Mn ∈ Y An (T̂ ), γ ∈ ΓIII,0,=, τ0(Λn) 6= Λn
}⊔{
ΠIIIMn; ι ; M
n ∈ Y An (T̂ ), γ ∈ ΓIII,0,=, τ0(Λn) = Λn, ι = 0, 1
}
.
Note 8.10. Characters of spin IRs of R
(
G(m, 1, n)
)
of spin type χIII can be given by
explicit calculations from the above classification and construction. In particular, in the
case of n odd and γ ∈ ΓIIIn , and also in the case of n even and γ ∈ ΓIII,0,≺n , take Λn ∈ Y shn (T̂ )
such that Λn  γ. If Λn ∈ Y shn (T̂ )asym, then the calculation of character is easy.
9 Spin IRs of spin type χV = (1,−1,−1)
We2) keep to the notations in §6.1, and abbreviate G′n = R
(
G(m, 1, n)
)
= D˜∨n ⋊ S˜n as
G′ = U ′ ⋊ S′. For the case of spin type χV, we put K = T̂ 0.
Step 1. By Lemma 6.2, we take, as a CSR of spin dual of U ′ = D˜∨n of spin type
(z2, z3)→ (−1,−1) modulo the action of S′, i.e., a CSR for Û ′
(−1,−1)
/S′, the following sets,
with Pγ = ζγ P
0 and P ǫγ = ζγP
ǫ (ǫ = +,−):
for n even, ρ = Pγ · sgnZ3 (γ ∈ Γ0n ∩ Γ1n),
for n odd, ρ = P ǫγ · sgnZ3 (γ ∈ Γ0n ∩ Γ1n, ǫ = +,−).
Step 2. For the stationary subgroup S′([ρ]) in S′ of [ρ], we refer to Lemma 6.4.
Proposition 9.1. The stationary subgroup S′([ρ]) in S′ of [ρ] is given as follows.
(i) Case of n ≥ 2 even: for ρ = Pγ · sgnZ3 , S′([ρ]) = S˜n(γ) ∼= S˜ν ∼= ∗̂ ζ∈T̂ 0 Ŝnζ .
(ii) Case of n ≥ 3 odd: for ρ = P ǫγ · sgnZ3, S′([ρ]) = S˜n(γ).
Step 3. Take a spin IRs ρ listed in Step 1 with γ ∈ Γ0n ∩ Γ1n. In case n is even, for
σ′ ∈ S′([ρ]), an intertwining operator Jρ(σ′) from ρ to σ′ρ is given by
∇n(ri) = 1√2
(
Ŷi − Ŷi+1
)
(i ∈ In−1) with Ŷj = (−1)j−1Yj (j ∈ In).(9.1)
For n odd, we put ∇+n = ∇n, and
∇−n (rj) = −(iŶn)∇n(rj) (iŶn)−1
(
j ∈ In−1, i =
√−1).(9.2)
Proposition 9.2.
(i) Case of n ≥ 2 even. Let ρ = Pγ · sgnZ3
(
γ ∈ Γ0n ∩ Γ1n
)
. Intertwining operators in
(6.12) for σ′ ∈ S′([ρ]) is Jρ(σ′) = ∇n(σ′) up to a scalar multiple.
(ii) Case of n ≥ 3 odd. Let ρ = P ǫγ · sgnZ3 (γ ∈ Γ0n ∩ Γ1n, ǫ = +,−). Intertwining
operators for σ′ ∈ S′([ρ]) is Jρ(σ′) = ∇ǫn(σ′) up to a scalar multiple.
Proof. (i) Denote A−1BA by ι(A)B. We have for i ∈ In−1, j ∈ In,
2) Spin IRs of spin type χIV = (−1, 1, 1) and their characters have been given in §5.
38
ι
(∇n(ri))Ŷj = −Ŷsi(j) ∴ ι(∇n(σ′))Ŷj = sgn(σ)Ŷσ−1(j) (σ′ ∈ S˜n, σ = ΦS(σ′)),
and so ι
(∇n(σ′))P 0 = σ′V(P 0).Moreover ζγ = σ′V(ζσ−1γ) because σ′ −1(η̂j) = sgn(σ)η̂σ−1(j),
whence σ′V(ζγ) = ζσγ .
(ii) We prove for ρ = P−γ . For ri with i < n− 1, the calculation is the same as above,
and for rn−1,
ι
(∇−n (rn−1))Ŷj =

−Ŷj , j < n− 1,
Ŷn , j = n− 1,
Ŷn−1 , j = n,
∴ ι
(∇−n (rn−1))P−γ (η̂n−1) = ι(∇−n (rn−1))(ζτnγ(η̂n−1)Ŷn−1) (cf. (6.3))
= ωγn−1 Ŷn = P
−
sn−1γ
(
rn−1(η̂n−1)
)
,
ι
(∇−n (rn−1))P−γ (η̂n) = ωγn+m0 Ŷn−1 = P−sn−1γ(rn−1(η̂n)). 
Now, π0 = ρ · Jρ is a spin IR of H ′n = U ′ ⋊ S′([ρ]) of spin type χV given as{
for ρ = Pγ · sgnZ3 (n even), π0 = (Pγ · sgnZ3) · ∇n|S′([ρ]) ,
for ρ = P ǫγ · sgnZ3 (n odd), π0 = (P ǫγ · sgnZ3) · ∇ǫn|S′([ρ]) .
(9.3)
Step 4. As a counter part π1 of π0, it should be a spin representation of S′([ρ]), to get
non-spin property z1 → 1 of π = π0 ⊡ π1. As in (6.17), we put{
ΠI0n :=
(
P 0 · sgnZ3
) · ∇n , for n ≥ 4 even,
ΠIǫn :=
(
P ǫ · sgnZ3
) · ∇ǫn , for n ≥ 5 odd, ǫ ∈ {+,−}.(9.4)
Case of n even. Take ρ = (Pγ · sgnZ3) · ∇n|S′([ρ]) (γ ∈ Γ0n ∩ Γ1n). Then, from γ, we
determine ν = (nζ)ζ∈T̂ 0 ∈ Pn(T̂ 0) canonically and then take Λn = (λζ)ζ∈T̂ 0 ∈ Y shn (ν).
Conversely, if Λn ∈ Y shn (T̂ 0) is given, then Λn  ν ∈ Pn(T̂ 0), γ ∈ Γ0n ∩ Γ1n .
Take an element Mn = Λn or Mn = (Λn, µ), µ = ±1 of Yn(T̂ 0) in §4.3. Then we have
a spin IR of S′([ρ]) ∼= S˜ν = ∗̂ζ∈T̂ 0S˜nζ as π1 := τMn . Then, with π0 = ρ · Jρ , the IR
π = π0 ⊡ π1 of H ′n = U ′ ⋊ S′([ρ]) becomes of spin type χV = (1,−1,−1), cancelling out
spin properties of Jρ and π
1 with respect to z1. Put
ΠVMn := Ind
G′n
H′n
(
π0 ⊡ π1
)
= Ind
G′n
H′n
((
(Pγ · sgnZ3) · ∇n
)∣∣
H′n
⊡ τMn
)
.(9.5)
Since
(
(Pγ · sgnZ3) · ∇n
)∣∣
H′n
⊡ τMn ∼=
(
(P 0 · sgnZ3) · ∇n
)∣∣
H′n
⊗ (ζγ 1Z3 · τMn
)
, we have a
tensor product expression, with ΠI0n in (6.17),
ΠVMn
∼= ΠI0n ⊗ΠIVMn with ΠIVMn := IndG
′
n
H′n
(ζγ 1Z3 · τMn),(9.6)
where ΠIVMn
(
Mn ∈ Y (T̂ 0)) is a spin IR of spin type χIV = (−1, 1, 1).
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Case of n odd. Start with Mn ∈ Yn(T̂ 0), containing Λn = (λζ)ζ∈T̂ 0 ∈ Y shn (T̂ 0), then
Λn  ν, γ. Here ν = (nζ)ζ∈K ∈ Pn(T̂ 0), nζ = |λζ | (ζ ∈ T̂ 0), and γ ∈ Γ0n ∩ Γ1n. Take
ρ = P+γ · sgnZ3 or P−γ · sgnZ3 , and put π0 = ρ · Jρ. Also take as π1 a spin IR τMn of
S′([ρ]) ∼= S˜ν . Then we get IR π = π0⊡π1 of H ′n = U ′⋊S′([ρ]) of spin type χV. Put, with
ǫ = +,−,
ΠVMn = Ind
G′n
H′n
((
(P ǫγ · sgnZ3) · ∇ǫn|S′([ρ])
)
⊡ τMn
) (
Mn ∈ Yn(T̂ 0)
)
.(9.7)
Since
(
(P ǫγ · sgnZ3) · ∇ǫn
)∣∣
H′n
⊡ τMn ∼=
(
(P ǫ · sgnZ3) · ∇ǫn
)∣∣
H′n
⊗ (ζγ 1Z3 · τMn
)
, we have, with
reference to §4 for spin type χIV = (−1, 1, 1) and with ΠIǫn (ǫ = ±) in (6.17),
ΠVǫMn
∼= ΠI ǫn ⊗ΠIVMn with ΠIVMn := IndG
′
n
H′n
(ζγ 1Z3 · τMn).(9.8)
Theorem 9.3. Assume n ≥ 4, m even. A complete set of representatives of spin IRs
of R
(
G(m, 1, n)
)
of spin type χV = (1,−1,−1) is given as follows.
(i) Case of n even: spinIRV
(
G(m, 1, n)
)
=
{
ΠVMn ; M
n ∈ Y An (T̂ 0)
}
.
(ii) Case of n odd: spinIRV
(
G(m, 1, n)
)
=
{
ΠVǫMn ; ǫ ∈ {+,−}, Mn ∈ Y An (T̂ 0)
}
.
10 Spin IRs and their characters of spin type χVI
We abbreviate the notation G′n = R
(
G(m, 1, n)
)
= D˜∨n ⋊ S˜n as G′ = U ′ ⋊ S′.
10.1. Classification of IRs of spin type χVI = (1,−1, 1).
Step 1. By Lemma 7.2 we know the following.
Lemma 10.1. A CSR of Û ′
(−1,1)
/S′ is given by
for n ≥ 2 even, {Pγ1Z3 ; γ ∈ Γ0n ∩ Γ1n},
for n ≥ 3 odd, {P+γ 1Z3 ; γ ∈ Γ0n ∩ Γ1n}⊔{P−γ 1Z3 ; γ ∈ Γ0n ∩ Γ1n, γj all different}.
Step 2. By Proposition 7.4 we know also the following.
Lemma 10.2. The stationary subgroup S′([ρ]) of spin IRs ρ = Pγ1Z3 , P+γ 1Z3 and
P−γ 1Z3 (γ ∈ Γ0n ∩ Γ1n) of U ′ = D˜∨n is given as follows: with K = T̂ 0,
For n ≥ 2 even, S′([Pγ 1Z3 ]) = Φ −1S (∏ζ∈KSIn,ζ) = S˜ν .
For n ≥ 3 odd, S′([P±γ 1Z3 ]) = A˜n⋂Φ −1S (∏ζ∈KSIn,ζ) = A˜n ∩ S˜ν .
Step 3. By Lemma 6.5, we have the following.
Proposition 10.3. (i) Case of n ≥ 2 even. For ρ = Pγ 1Z3
(
γ ∈ Γ0n ∩ Γ1n
)
and
σ′ ∈ S′([ρ]) ∼= S˜ν , an intertwining operator (6.12) from ρ to σ′ρ is, up to a scalar multiple,
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Jρ(σ
′) = ∇IIn (σ′). This gives a spin representation of S′([ρ]).
(ii) Case of n ≥ 3 odd. Let ρ = P ǫγ 1Z3 be as in Lemma 10.1. An intertwining
operator Jρ(σ
′) for σ′ ∈ S′([ρ]) ∼= A˜n ∩ S˜ν is, up to a scalar multiple, Jρ(σ′) = ℧ǫn(σ′)
in (7.4). This gives a spin representation of S′([ρ]) ∼= A˜n
⋂
S˜ν . In the special case where
S′([ρ]) = Z1, we understand S′([ρ]) = Z1 and Jρ = sgnZ1 · I.
Step 4. The spin type of IR π0 = ρ·Jρ ofH ′n = U ′⋊S′([ρ]) is (z1, z2, z3)→ (−1,−1, 1) =
χII. To get the spin type χVI = (1,−1, 1) for π = π0 ⊡ π1, we should take, as the counter
part of π0, a spin IR π1 of S′([ρ]), that is, of spin type z1 → −1.
Case of n even. We apply the results in 4.3, in particular Theorem 4.4. Take an
Mn ∈ Yn(T̂ 0). Then it contains Λn, which gives γ ∈ Γ0n ∩ Γ1n and ν ∈ Pn(T̂ 0), i.e.,
Λn  γ,ν. So we have ρ = Pγ 1Z3 , and π
0 = ρ · Jρ and π1 = τMn . Thus π = π0 ⊡ π1 =(
Pγ1Z3 · ∇IIn |S˜ν
)
⊡ τMn is of spin type χ
VI = (1,−1, 1). Put
ΠVIMn := Ind
G′n
H′n
(π0 ⊡ π1).(10.1)
Since
(
Pγ1Z3 · ∇IIn |S˜ν
)
⊡ τMn ∼=
(
P 01Z3 · ∇IIn
)∣∣
H′n
⊗ ((ζγ 1Z3) · τMn), we have by Lemma
2.3, with ΠII0n in (7.5) and Π
IV
Mn = Ind
G′n
H′n
(ζγ1Z3 · τMn) in (5.4),
ΠVIMn
∼= ΠII0n ⊗ΠIVMn .(10.2)
Case of n odd. We apply Theorem 4.7. Start with ρ = P+γ 1Z3 or ρ = P
−
γ 1Z3 in
Lemma 10.1. Here γ gives ν = (nζ)ζ∈T̂ 0 ∈ Pn(T̂ 0). Take a spin IR π1 of S′([ρ]) = A˜n
⋂
S˜ν ,
then we get an IR π0 ⊡ π1 of H ′n = U ′ ⋊ S′([ρ]).
Lemma 10.4. IR π0 ⊡ π1 is given explicitly according to three cases as follows:
Case 1.
(
(P+γ 1Z3) · ℧+n |S′([ρ])
)
⊡ ρ˜Mn , M
n := (Λn, κ) ∈ Y An (T̂ 0)ev,non ,
Case 2.
(
(P ǫγ 1Z3) · ℧ǫn|S′([ρ])
)
⊡ ρ˜Λn , M
n := (ǫ,Λn) ∈ {+,−}×Y An (T̂ 0)ev,tri,
Case 3.
(
(P+γ 1Z3) · ℧+n |S′([ρ])
)
⊡ ρ˜Λn , M
n := Λn ∈ Y shn (T̂ 0)odd .
Note that S′([ρ]) ⊂ A˜n, H ′n ⊂ G′An = U ′ ⋊ A˜n, and spin representations ℧ǫn (ǫ = +,−)
of A˜n cannot be extended to S˜n as seen in [II, §8.3, pp.162–163].
Inducing π0 ⊡ π1 above up to G′n = R
(
G(m, 1, n)
)
, we get a spin IR
ΠVIMn := Ind
G′n
H′n
(π0 ⊡ π1).
Proposition 10.5. According to the three cases in Lemma 10.4, there hold the following
“ tensor product + inducing up” relations:
Case 1. ΠVIMn
∼= IndG′nG′An
(
Π℧
+,A
n ⊗ IndG
′A
n
H′n
(ζγ 1Z3 · ρ˜Mn)
)
,
Case 2. ΠVIMn
∼= IndG′nG′An
(
Π℧
ǫ,A
n ⊗ IndG
′A
n
H′n
(ζγ1Z3 · ρ˜Λn)
)
,
Case 3. ΠVIMn
∼= IndG′nG′An
(
Π℧
+,A
n ⊗ IndG
′A
n
H′n
(ζγ 1Z3 · ρ˜Λn
)
).
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Proof. Note that
(
(P ǫγ 1Z3) ·℧ǫn|S′([ρ])
)
⊡ ρ˜Mn ∼=
(
(P ǫ1Z3) ·℧ǫn
)∣∣
H′n
⊗ (ζγ 1Z3) · ρ˜Mn for
Mn = (Λn, κ) or Mn = Λn. Then we obtain by Lemma 2.3 the asserted relations, with
spin IRs Π℧
ǫ,A
n (ǫ = ±) of G′An in (7.5). 
Theorem 10.6. Assume n ≥ 4, m even. A complete set of representatives (=CSR) of
spin IRs of R
(
G(m, 1, n)
)
with spin type χVI = (1,−1, 1) is given by the set spinIRVI(G(m, 1, n))
below:
(i) Case n even: spinIRVI
(
G(m, 1, n)
)
=
{
ΠVIMn = Ind
G
H
((
(Pγ 1Z3) · ∇IIn
∣∣
S˜ν
)
⊡ τMn
)
; Mn ∈ Yn(T̂ 0)
}
.
(ii) Case n odd, and n > m0 = m/2:
spinIRVI
(
G(m, 1, n)
)
=
{
ΠVIMn ; M
n ∈ Y An (T̂ 0)ev,non
⊔
Y shn (T̂
0)odd
}
.
(iii) Case n odd, and n ≤ m0 = m/2:
spinIRVI
(
G(m, 1, n)
)
=
{
ΠVIMn ; M
n ∈ Y An (T̂ 0)ev,non
⊔
Y shn (T̂
0)odd
}⊔{
ΠVIMn ; M
n = (ǫ,Λn) ∈ {+,−}×Y An (T̂ 0)ev,tri
}
.
10.2. Irreducible characters of spin type χVI.
10.2.1. Case of n ≥ 4 even. We use spin IR τMn of S˜ν with
for d(Λn) even, Mn = Λn ∈ Y shn (ν) ⊂ Yn(T̂ 0)ev, and τMn = τΛn ,
for d(Λn) odd, Mn = (Λn, µ) ∈ Y shn (ν)odd × {±1}, and τMn = sgn(1−µ)/2 · τΛn .
Theorem 10.7. For n ≥ 4 even, irreducible characters χ(ΠVIMn∣∣ ·) are given as
χ
(
ΠVIMn
∣∣ g′) = χ(ΠII0n ∣∣ g′) · χ(ΠIVMn∣∣ g′) (g′ ∈ G′n).
10.2.2. Case of n ≥ 5 odd. The following is direct from Lemma 10.5.
Lemma 10.8. There hold the following relations:
Case 1. χ
(
ΠVIMn
)
= Ind
G′n
G′An
(
χ
(
Π℧
+,A
n
) · χ(IndG′AnH′n (ζγ 1Z3 · ρ˜Mn))),
Case 2. χ
(
ΠVIMn
)
= Ind
G′n
G′An
(
χ
(
Π℧
ǫ,A
n
) · χ(IndG′AnH′n (ζγ1Z3 · ρ˜Λn))),
Case 3. χ
(
ΠVIMn
)
= Ind
G′n
G′An
(
χ
(
Π℧
+,A
n
) · χ(IndG′AnH′n (ζγ 1Z3 · ρ˜Λn))).
According to Cases 1, 2 and 3 in Lemmas 10.4, 10.5 and 10.8, we have the following.
Theorem 10.9. Let n ≥ 5 be odd, and Πn be one of ΠVIMn in Cases 1, 2 and 3 in
Lemmas 10.4 and 10.8. Then its character satisfies the following.
(i) For g′ 6∈ G′An , χ(Πn|g′) = 0.
(ii) Let g′ = (d′, σ′) ∈ G′An = U ′ ⋊ A˜n.
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In case ord(d′) = ord(d) ≡ 0 (mod 2),
1. Mn=(Λn, κ) ∈ Y An (T̂ 0)ev,non, χ
(
ΠVIMn
∣∣g′)=χ(Π℧+,An ∣∣g′)χ(IndG′nH′n(ζγ1Z3 ρ˜Mn)∣∣g′),
2. Mn=(ǫ,Λn)∈{±}×Y An (T̂ 0)ev,tri, χ
(
ΠVIMn
∣∣g′)=χ(Π℧ǫ,An ∣∣g′)χ(IndG′nH′n(ζγ1Z3 ρ˜Λn)∣∣g′),
3. Mn=Λn ∈ Y shn (T̂ 0)odd, χ
(
ΠVIMn
∣∣g′)=χ(Π℧+,An ∣∣g′)χ(IndG′nH′n(ζγ1Z3 ρ˜Λn)∣∣g′).
In case ord(d′) ≡ 1, with an s′0 ∈ S˜n \ A˜n, in Cases 1, 2 and 3 respectively,
χ
(
ΠVIMn
∣∣g′)=χ(Π℧+,An ∣∣g′)(χ(IndG′nH′n(ζγ1Z3 ρ˜Mn)∣∣g′)−χ(IndG′nH′n(ζγ1Z3 ρ˜Mn)∣∣s′0g′s′0−1)),
χ(ΠVIMn |g′)=χ
(
Π℧
ǫ,A
n
∣∣g′)(χ(IndG′nH′n(ζγ1Z3 ρ˜Λn)∣∣g′)−χ(IndG′nH′n(ζγ1Z3 ρ˜Λn)∣∣s′0g′s′0−1)),
χ(ΠVIMn |g′) = χ
(
Π℧
+,A
n
∣∣g′)(χ(IndG′nH′n(ζγ1Z3 ρ˜Λn)∣∣g′)−χ(IndG′nH′n(ζγ1Z3 ρ˜Λn)∣∣s′0g′s′0−1)).
Note 10.1. Recall spin IRs of A˜n∩S˜ν in §4.4, and spin IRs ΠIVΛn ofG′n = R
(
G(m, 1, n)
)
in §5. In Cases 1, 2 and 3 respectively, we have
Ind
G′n
H′n
(ζγ 1Z3 · ρ˜Mn) = IndG
′
n
H′n
(ζγ1Z3 · ρ˜(κ)Λn ) ∼= ΠIVΛn ,
Ind
G′n
H′n
(ζγ1Z3 · ρ˜Λn) ∼= ΠIVΛn , IndG
′
n
H′n
(ζγ1Z3 · ρ˜Λn) ∼= ΠIVΛn ⊕
(
sgnSΠ
IV
Λn
)
.
11 Spin IRs of spin type χVII = (1, 1,−1)
We classify and construct spin IRs of G(m, 1, n) of spin type χVII = (1, 1,−1) in our
standard way. Denote G′n = R
(
G(m, 1, n)
)
= D˜∨n ⋊ S˜n and Gn = G(m, 1, n) = Dn ⋊Sn
as G′ = U ′ ⋊ S′ and G = U ⋊ S respectively.
Step 1. The spin dual Û ′
(1,−1)
of U ′, of spin type (z2, z3)→ (1,−1), is the same as for
the case of spin type χIII = (−1, 1,−1) in §8, and the S′-action on Û ′(1,−1) is the same as
in Lemma 8.1. So we quote Proposition 8.3 for Û ′
(1,−1)
/S′.
Step 2. For stationary subgroups S′([ρ]), we quote Proposition 8.4.
Step 3. Intertwining operator Jρ(σ
′) ≡ 1 (trivial one-dimensional operator).
Step 4. IR π1 of S′([ρ]) should be of spin type z1 → 1 or IR of S([ρ]) = S′([ρ])/Z1.
Step 4-a. Case of ρ = Zγ (γ ∈ Γ1n), S′([ρ]) = A˜n(γ).
This case corresponds to Proposition 8.4 (i), (ii-1) and (ii-3). Note that S([ρ]) =
An(γ) = An
⋂
Sν with ν ∈ Pn(T̂ ), where ν ↔ γ as in §6.1, Step 2. To describe
the dual of An
⋂
Sν , we utilize Notation 7.6 with K = T̂ , for example, Y An (T̂ ) :=
Y An (T̂ )
asym
⊔
Y An (T̂ )
sym
⊔
Yn(T̂ )
tri. Let Λn = (λζ)ζ∈T̂ ∈ Yn(T̂ ) and Λn  γ,ν.
• In the case of distinct γj’s,
S([ρ]) = An(γ) = {e}, π1 = πΛn = 1, Λn = (λζ)ζ∈T̂ ∈ Y An (T̂ )tri.
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• In the contrary case, put
In =
⊔
ζ∈T̂ In,ζ , In,ζ = {j ∈ In ; ζ
(γj) = ζ}, ν = (nζ)ζ∈T̂ , nζ = |In,ζ |,(11.1)
then
∏
ζ∈T̂SIn,ζ
∼=∏ζ∈T̂ Snζ =: Sν and S([ρ]) = An(γ) = An ∩Sν .
A CSR of the dual of Sν is given by means of Lemma 7.5. The situation on restricting
them to the subgroup An∩Sν of index 2 is clarified and then a CSR for the dual of An∩Sν
is given in Lemma 7.7.
Lemma 11.1. For a ν = (nζ)ζ∈T̂ ∈ Pn(T̂ ), put G0 = Sν and H0 = An ∩ G0 =
An ∩Sν .
(i) For Λn = (λζ)ζ∈T̂ ∈ Yn(T̂ ), put ν = (nζ)ζ∈T̂ ∈ Pn(T̂ ), nζ = |λζ |. For IR πΛn of
G0 =
∏
ζ∈T̂ Snζ , sgn · πΛn ∼= π(tΛn) with t(Λn) = tΛn := (tλζ)ζ∈T̂ .
(ii) Assume nζ ≥ 2 (∃ζ ∈ T̂ ). Then [G0 : H0] = 2.
(a) When tΛn = Λn, i.e., tλζ = λζ (∀ζ ∈ T̂ ), πΛn |H0 ∼= ρ(0)Λn ⊕ ρ(1)Λn , ρ(0)Λn 6∼= ρ(1)Λn ,
(b) When tΛn 6= Λn, i.e., tλζ 6= λζ (∃ζ ∈ T̂ ), ρΛn := πΛn |H0 ∼= (π tΛn)|H0 is irreducible.
(iii) For a fixed ν = (nζ)ζ∈T̂ ∈ Pn(T̂ ), ∃nζ ≥ 2, the set of IRs listed in (a) and (b) gives
a complete set of representatives of IRs of H0.
Put ρ = Zγ . If S([ρ]) = An(γ) = An ∩ Sν , then we can take the counter part π1 of
π0 = Zγ · 1S′([ρ]) from a CSR of linear IRs of S([ρ]) given above.
Step 4-b. Case of S′([ρ]) = A˜n(γ)
⊔
s′0A˜n(γ) (Proposition 8.4 (ii-2), n = 2n′):
Here, mapping down to the level of Gn = G(m, 1, n), we have s0 = τ0 (in Case (1)), sjτ
(in Case (2)) odd, and s 20 = e (unit element) (loc.cit.). Since Ψ0(γ) = τ0γ +m
0 (mod m),
there exists δ = (δj)j∈In′ ∈ Γ1n′ , of half size n′ = n/2, such that
γ = (δ, δ+m0), δ+m0 := (δ1+m
0, δ2+m
0, . . . , δn′+m
0).(11.2)
Then, s0γ = τ0γ = (δ+m
0, δ), s VII0 γ = (δ, δ+m
0) = γ. Put T̂ 0 = {ζ(a) ; 0 ≤ a < m0}
and ν0 := (νζ)ζ∈T̂ 0 . Since nζ(a+m0) = nζ(a) (0 ≤ a < m0) here, we have
Sν
∼= S(l)
ν0
×S(r)
ν0
, An(γ) = An
⋂
Sν ,(11.3)
where the above factor S
(∗)
ν0
with ∗ = l (resp. = r) acts on the left (resp. right) half of In,
denoted as I
(l)
n := {1, 2, . . . , n′} (resp. I(r)n := {1 + n′, 2 + n′, . . . , n}).
Put S := Sν , A := An(γ) = An ∩ S, C := S([ρ]) = A
⊔
s0A. To get a CSR of spin IRs
of C, first start from a CSR for S, and restrict it on the subgroup A of index 2, and then
induce it up to the upper group C of index 2 : S ց A ր C.
Lemma 11.2. (Restriction S ↓ A) For a Λn = (Λn′,1,Λn′,2) ∈ Yn′(ν0) × Yn′(ν0) ⊂
Yn(ν), take an IR πΛn ∼= πΛn′,1 ⊠ πΛn′,2 of S = S(l)ν0 ×S
(r)
ν0
.
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(a) If tΛn = Λn, then πΛn ∼= sgn ·πΛn, and πΛn |A ∼= ρ(0)Λn
⊕
ρ
(1)
Λn , (Λ
n, κ) ∈ Y An (ν)sym,
κ = 0, 1.
(b) If tΛn 6= Λn, then πΛn 6∼= sgn · πΛn, and πΛn |A irreducible, and denote it by
ρMn , M
n = {Λn, tΛn} ∈ Y An (ν)asym.
IRs coming out from (a) and (b) give a CSR of the dual of S. 
Lemma 11.3. (Action of s0) In the case of Proposition 8.4 (ii-2), put s0 = τ0 for n
′
odd, and s0 = sjτ0 for n
′ even and sjγ = γ.
(i) Let σ = (σ1, σ2) ∈ A = An(γ) ⊂ S(l)ν0 × S
(r)
ν0
. Then s0 = τ0 acts as s0σs0
−1 =
(σ2, σ1) (transposition), and s0 = sjτ0 with sj ∈ S(l)ν0 acts as s0σs0−1 = (σ2, sjσ1s−1j ).
(ii) For Λn = (Λn
′,1,Λn
′,2) ∈ Yn(ν) = Yn′(ν0) × Yn′(ν0), put τ0Λn := (Λn′,2,Λn′,1)
(transposition). Action of s0 on spin IRs of A is as follows :
in case of tΛn = Λn , s0
(
ρ
(κ)
Λn
) ∼= ρ(κ+1)τ0(Λn) ,
in case of tΛn 6= Λn , s0
(
ρΛn
) ∼= ρτ0(Λn) .
Here, in case τ0(Λ
n) 6= Λn , the superfices κ′ = 0, 1 for ρ(κ′)τ0(Λn) is adequately arranged.

Lemma 11.4. (Inducing up A ↑ C) Let Λn = (Λn′,1,Λn′,2) ∈ Yn′(ν0)× Yn′(ν0).
(i) Case of tΛn = Λn. For Mn = (Λn, κ) ∈ Y An (T̂ )sym,
TAMn := Ind
C
A ρMn is irreducible and for τ0(Mn) :=
(
τ0(Λ
n), κ+ 1
) ∈ Y An (T̂ )sym,
TAMn
∼= TAτ0(Mn) (equivalent).
(ii) Case of tΛn 6= Λn. For Mn = {Λn, tΛn} ∈ Y An (T̂ )asym,
(ii-1) In case τ0(Λ
n) 6∈ {Λn, tΛn}, TAMn := IndCA ρMn is irreducible and
put τ0(M
n) := {τ0(Λn), t τ0(Λn)} ∈ Y An (T̂ )asym, then TAMn ∼= TAτ0(Mn).
(ii-2) In case τ0(Λ
n) ∈ {Λn, tΛn}, TAMn := IndCA ρMn is reducible and
τ0(M
n) =Mn. TAMn splits into two irreducible components, mutually
non-equivalent : TAMn
∼= TAMn;0
⊕
TAMn;1.
(iii) In the case of Proposition 8.4 (ii-2) and ρ = Zγ · 1S′([ρ]), IRs listed above (modulo
two equivalence relations above) gives a CSR of the dual of C = S([ρ]) = An(γ)
⊔
s0An(γ).

Now we can give a CSR of spin IRs of G′n = R
(
G(m, 1, n)
)
of spin type χVII = (1, 1,−1).
Put H ′n = D˜∨n (T )⋊ S′([ρ]).
List 11.5. Spin IRs of G′n = R
(
G(m, 1, n)
)
of spin type χVII.
(1) Case of n odd. ΓIIIn = Γ
III,0
n
⊔
ΓIII,1n .
Case of γ ∈ ΓIII,0n =
{
γ ∈ Γ1n; γ 4 Ψ0(γ), γj = γj+1 (∃j)
}
: S([ρ]) = An(γ).
For Mn={Λn, tΛn}∈Y An (ν)asym, π1=ρMn , ΠVIIMn :=IndG
′
n
H′n
(
Zγ1S′([ρ]) ⊡ ρMn
)
.
For Mn = (Λn, κ) ∈ Y An (ν)sym, π1 = ρMn , ΠVIIMn := IndG
′
n
H′n
(
Zγ1S′([ρ]) ⊡ ρMn
)
.
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Case of γ ∈ ΓIII,1n =
{
γ ∈ Γ1n; γj all distinct
}
: S([ρ]) = An(γ) = {e}.
For Mn = Λn ∈ Y An (ν)tri,π1 = ρMn = 1, ΠVIIMn := IndG
′
n
H′n
(
Zγ 1S′([ρ]) ⊡ ρMn
)
.
(2) Case of n even. ΓIIIn = Γ
III,0
n
⊔
ΓIII,1n
⊔
ΓIII,2n .
Case of γ ∈ ΓIII,0,≺n =
{
γ ∈ Γ1n ; γ ≺ Ψ0(γ), γj = γj+1 (∃j)
}
: S([ρ]) = An(γ).
For Mn = {Λn, tΛn} ∈ Y An (ν)asym, π1 = ρMn , ΠVIIMn := IndG
′
n
H′n
(
Zγ 1S′([ρ]) ⊡ ρMn
)
.
For Mn = (Λn, κ) ∈ Yn(ν)sym, π1 = ρMn , ΠVIIMn := IndG
′
n
H′n
(
Zγ1S′([ρ]) ⊡ ρMn
)
.
Case of γ ∈ ΓIII,0,=n =
{
γ ∈ Γ1n ; γ = Ψ0(γ), γj = γj+1 (∃j)
}
:{
τ0γ ≡ γ +m0 (mod m), S([ρ]) = An(γ)
⊔
s0An(γ),
A := An(γ), C := S([ρ]), Λn = (Λn′,1,Λn′,2) ∈ Yn′(ν0)× Yn′(ν0).
For Mn = (Λn, tΛn) ∈ Y An(ν)asym,
If τ0(M
n) 6=Mn, then π1 = TAMn = IndCA ρMn , ΠVIIMn := IndG
′
n
H′n
(
Zγ1S′([ρ]) ⊡ T
A
Mn
)
.
ΠVIIMn
∼= ΠVIIτ0(Mn) (equivalent).
If τ0(M
n) =Mn, then π1 = TAMn; ι (ι = 0, 1), Π
VII
Mn; ι := Ind
G′n
H′n
(
Zγ1S′([ρ]) ⊡ T
A
Mn; ι
)
.
For Mn = (Λn, κ) ∈ Y An(ν)sym,
π1 = TAMn := Ind
C
A ρMn , ΠVIIMn = Ind
G′n
H′n
(Zγ 1S′([ρ]) ⊡ T
A
Mn).
τ0(M
n) :=
(
τ0(Λ
n), κ+ 1
) ∈ Y An (T̂ )sym, ΠVIIMn ∼= ΠVIIτ0(Mn) (equivalent).
Case of γ ∈ ΓIII,1n
⊔
ΓIII,2n : S([ρ]) = {e},
For Mn = Λn quasi-trivial, π1 = ρMn = 1, Π
VII
Mn := Ind
G′n
H′n
(
Zγ1S′([ρ]) ⊡ ρMn
)
.
Theorem 11.6.
(
Spin IRs of R
(
G(m, 1, n)
)
of spin type χVII = (1, 1,−1))
Spin IRs of R
(
G(m, 1, n)
)
, n ≥ 4, in Case VII and spin IRs of the quotient group
G′ = G˜VIIn = R
(
G(m, 1, n
)
/Z12, Z12 = Z1 × Z2, of spin type z3 → −1 can be naturally
identified. Then a complete set of representatives of the latter is given as follows : Mn
contains Λn, and Λn determines γ ∈ Γ1n, i.e., Λn  γ,
(i) Case of n odd.
spinIRVII
(
G(m, 1, n)
)
=
{
ΠVIIMn ; M
n ∈ Y An (T̂ ), γ ∈ ΓIIIn
}
,
(ii) Case of n even.
spinIRVII
(
G(m, 1, n)
)
=
{
ΠVIIMn ; M
n ∈ Y An (T̂ ), γ ∈ ΓIII,0,≺
⊔
ΓIII,1
⊔
ΓIII,2
}⊔{
ΠVIIMn
∼= ΠVIIτ0(Mn) ; Mn ∈ Y An (T̂ )asym, γ ∈ ΓIII,0,=, τ0(Mn) 6=Mn
}
⊔{
ΠVIIMn; ι ; ι = 0, 1, M
n ∈ Y An (T̂ )asym, γ ∈ ΓIII,0,=, τ0(Mn) =Mn
}
⊔{
ΠVIIMn
∼= ΠVIIτ0(Mn) ; Mn ∈ Y An (T̂ )sym, γ ∈ ΓIII,0,=
}
.
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Part II
Spin characters of infinite generalized symmetric groups
G(m, 1,∞)
Applying general theory of “ Inductive limits of finite groups and their characters ” to
the case of Gn = G(m, 1, n) → G∞ = G(m, 1,∞) and G′n = R
(
G(m, 1, n)
) → G′∞ =
R
(
G(m, 1,∞)), we calculate all characters and spin characters of infinite generalized sym-
metric groups.
12 Preliminaries to Part II
12.1. Supports of f ∈ K(G′∞;χY) for G′∞ = R
(
G(m, 1,∞)).
We studied in [I, §10] the support of f ∈ K(G′∞;χ), in particular, of f ∈ E(G′∞;χ), for
each spin type χ ∈ Ẑ, from the viewpoint ‘how much they are characterized by its spin type
χY, or by the property (1.15) ”. We quote the result from [ibid., Table 10.1, p.83]. Take an
element g′ = (d′, σ′) ∈ G′∞ = D˜∨∞ ⋊ S˜∞, and put g = (d, σ) = Φ(g′) ∈ G∞ = D∞⋊S∞ be
its canonical image under Φ : G′∞ → G∞. Let a decomposition into fundamental elements
of g′ and its canonical image for g be respectively{
g′ = z a2 z b3 ξ′q1ξ
′
q2 · · · ξ′qrg′1g′2 · · · g′s, ξ′q =
(
t′q, (q)
)
= η̂
aq
q , g′j = (d
′
j , σ
′
j),
g = ξq1ξq2 · · · ξqrg1g2 · · · gs, ξq =
(
tq, (q)
)
= y
aq
q , gj = (dj , σj),
(12.1)
where yq = Φ(η̂q) and the fundamental elements are given as{
σj = Φ(σ
′
j) a cycle, dj = Φ(d
′
j), Kj := supp(σj) ⊃ supp(dj),
Kj (j ∈ J := Is) are mutually disjoint, Q := {q1, q2, . . . , qr}.
(12.2)
We put ℓ(σ′j) := ℓ(σj), L(σ
′
j) = L(σj) := ℓ(σj)− 1.
For each Y=odd, I, II, · · · , VII, a subset O(Y) ⊂ G′∞ is given by Condition Y on its
element g′ but expressed by means of g = Φ(g′). Or, for f ∈ K(G′∞;χY),
f(g′) 6= 0 =⇒ g′ satisfies Condition Y.
Let O be a non-empty subset of G′∞ invariant under multiplication of the central sub-
group Z. We call O factorisable if it has the property that, for any g′ ∈ O,
g′ = h′k′, h′, k′ ∈ G′∞, supp(h′)
⋂
supp(k′) = ∅ =⇒ h′, k′ ∈ O ;
and commutatively factorisable for type χ ∈ Ẑ, if, for any g′ ∈ O,{
g′ = h′k′, h′, k′ ∈ G′∞, supp(h′)
⋂
supp(k′) = ∅,
=⇒ h′, k′ ∈ O and h′k′Ker(χ) = k′h′Ker(χ) ;(12.3)
and multiplicative if h′, k′ ∈ O =⇒ h′k′ ∈ O.
We call ConditionV (=ConditionVI) also as Condition (str) (i.e., strongest).
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Subset
O(Y)
χY =
(β1, β2, β3)
(Condition Y)
O(Y)
Facto-
risable
O(Y)
commutati.
factorisable
O(Y)
multipli-
cative
m ODD
O(odd) χodd(z1) = −1
L(σj) ≡ 0 (mod 2)
(1 6 j 6 s)
YES YES NO
m EVEN
O(I) (−1,−1,−1)
ord(ξqi) ≡ 0 (mod 2) (∀i)
ord(dj) + L(σj) ≡ 0 (∀j)
YES YES NO
O(II) (−1,−1, 1)
ord(d) ≡ 0, L(σ) ≡ 0,
ord(ξqi) ≡ 0 (∀i),
ord(dj) + L(σj) ≡ 0 (∀j)
NO NO NO
O(III) (−1, 1,−1)
ord(d) ≡ 0,
L(σj) ≡ 0 (∀j)
NO NO NO
O(IV) (−1, 1, 1)
L(σj) ≡ 0 (∀j),
for σ = σ1σ2 · · ·σs
YES YES NO
O(V) (1,−1,−1)
ord(ξqi) ≡ 0 (∀i),
ord(dj) ≡ 0 (∀j),
L(σj) ≡ 0 (∀j)
YES YES NO
O(VI) (1,−1, 1)
ord(ξqi) ≡ 0 (∀i),
ord(dj) ≡ 0 (∀j),
L(σj) ≡ 0 (∀j)
YES YES NO
O(VII) (1, 1,−1)
ord(d) ≡ 0,
L(σ) ≡ 0
NO NO YES
Table 12.1. Subsets O(Y) ⊂ G′∞, O(Y) ⊃ supp(f), ∀f ∈ K(G′∞;χY).
We define several normal subgroups of G∞ = G(m, 1,∞) = D∞ ⋊ S∞. Let S be a
subgroup of T = Zm and put G
S∞ := DS∞ ⋊ S∞ with DS∞ := {d ∈ D∞ ; P (d) ∈ S}. We
know that any S is given as S(p) := {tp ; t ∈ T} for some p|m, p ≥ 1. In that case, GS∞
is denoted as G(m, p,∞). Together with them, we call canonical normal subgroups of G∞
the following: {
G(m, p,∞), p|m, p ≥ 1, GA∞ := D∞ ⋊ A∞,
GA(m, p,∞) := GA∞ ∩G(m, p,∞).
(12.4)
For later use, we put K∞ := GA(m, 2,∞) for m even. Then K∞ = Dev∞ ⋊ A∞ with
Dev∞ := D
S(2)
∞ = {d ∈ D∞ ; ord(d) ≡ 0 (mod 2)}. As their full inverse images, we put
G′A∞ := Φ−1(GA∞) = D˜∨∞ ⋊ A˜∞, K ′∞ := Φ−1(K∞) = D˜ev∞ ⋊ A˜∞,
with D˜ev∞ := {d′ ∈ D˜∨∞ ; ord(d′) ≡ 0 (mod 2)}.
(12.5)
Then the subset O(VII) is equal to the subgroup K ′∞.
12.2. Criterion (EF) and Criterion (EFχ
Y
).
Definition 12.2. We call an f ∈ K1(G′∞) factorisable if
g′ ∈ G′∞, g′ = h′k′, supp(h′) ∩ supp(k′) = ∅ =⇒ f(g′) = f(h′)f(k′),(12.6)
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and call f ∈ K1(G′∞;χY) χY-factorisable if
h′ ∈ O(Y), k′ ∈ G′∞, supp(h′) ∩ supp(k′) = ∅ =⇒ f(h′k′) = f(h′)f(k′).(12.7)
The set of all factorisable f ∈ K1(G′∞;χ) is denoted by F (G′∞;χ), and that of all
χY-factorisable f ∈ K1(G′∞;χY) by Fχ
Y
(G′∞;χY). Then, F (G′∞;χ) ⊂ Fχ
Y
(G′∞;χY), and
we ask if E(G′∞;χ) = F (G′∞;χ) or E(G′∞;χY) = Fχ
Y
(G′∞;χY). Concerning to this, we
propose two criteria to be extremal, for f ∈ K1(G′∞;χ) and f ∈ K1(G′∞;χY) respectively,
as
(EF) f ∈ E(G′∞;χ) ⇐⇒ f ∈ F (G′∞;χ) ;
(EFχ
Y
) f ∈ E(G′∞;χY) ⇐⇒ f ∈ FχY(G′∞;χY).
We call spin types χY, for Y=odd, I, IV, V, VI, VIII (χVIII is trivial), of the 1st kind,
and those for Y= II, III, VII, of the 2nd kind. We know from [I, Theorems 6.3] the following.
Theorem 12.3. (i) F (G′∞;χ) ⊂ E(G′∞;χ) for any χ ∈ Ẑ, or, if f ∈ K1(G′∞) is
factorisable, then it is extremal.
(ii) For a spin type χ = χY of the first kind, the criterion (EF) holds.
For a subset O of G′∞, we put
E(G′∞;χ;O) := {f ∈ E(G′∞) ; supp(f) ⊂ O},(12.8)
and similarly for F (G′∞;χ;O). For Y= II, III and VII, an element g′ ∈ O(Y) is called
χY-fundamental if it cannot be decomposed into a product of non-trivial h′, k′ ∈ O(Y) as
g′ = h′k′. From the results in [I, Theorem 11.1], [II, §23.3], [8, §10.4] and Table 12.1, we
know
Theorem 12.4. For spin types χY of the 2nd kind (or for Y=II, III and VII), there
does not hold Criterion (EF), but there holds Criterion (EFχ
Y
). Moreover
F
(
G′∞;χ
Y
)
= F
(
G′∞;χ
Y;O(str)) = E(G′∞;χY;O(str)) $ E(G′∞;χY).
This result can be seen also from explicit determination of F (G′∞;χ) and E(G′∞;χ)
for each χ ∈ Ẑ (the latter is summarized in Table 22.2). By Theorems 12.1 and 12.4, to
describe a character f ∈ E(G′∞;χY) explicitly, it is enough to give its form f(g′) for each
fundamental elements g′ ∈ O(Y).
12.3. Limiting process as n→∞.
Our fundamental ingredients here come from the study in Part I :
(1) Explicit form of characters of linear IRs of Gn,
(2) Such of spin IRs of G′n of spin type χ ∈ Ẑ, for each non-trivial χY.
Denote by Lim(G′∞) the set of all the pointwise limits f∞ = limn→∞ χ˜πn of normalized
characters of IRs πn of G
′
n (n ≥ 4). Applying [17, Theorem 14.3] for inductive limits of
compact groups to the case of G′n → G′∞, we have the following
49
Theorem 12.5. Any character f ∈ E(G′∞) is a pointwise limit of normalized charac-
ters χ˜πn ∈ E(G′n) (n ≥ 4) of a series of IRs πn of G′n, i.e., E(G′∞) ⊂ Lim(G′∞).
In the following, we calculate all the limits f∞ = limn→∞ χ˜πn explicitly, and then
find that, for Y of the 1st kind, Lim(G′∞;χY) ⊂ F (G′∞;χY), and for Y of the 2nd kind,
Lim(G′∞;χY) ⊂ Fχ
Y
(G′∞;χY). In the latter case, actually there exists a difference between
F
(
G′∞;χY
)
and Fχ
Y(
G′∞;χY
)
, reflecting the difference O(str) ( O(Y).
12.4. Finite-dimensional spin IRs of G′∞.
By [ibid., Theorems 12.1], the unique spin type for G′∞ which admits finite-dimensional
representations is χVII = (1, 1,−1), for m even. IRs with this spin type are π2,ζ(k) given by
ζ(k) ∈ T̂ 0 (0 ≤ k < m0 = m/2) as
π2,ζ(k)(z1) = π2,ζ(k)(z2) = I2, π2,ζ(k)(z3) = −I2,
π2,ζ(k)(ri) =
(
0 1
1 0
)
(i ≥ 1), π2,ζ(k)(η̂j) =
(
ζ(k)(η1) 0
0 −ζ(k)(η1)
)
(j ≥ 1),
where I2 denotes the 2 × 2 identity matrix, and ζ(k)(η1) = ωk = e2πk/m. Their characters
are given by [17, Theorem 12.2] : for g′ = (d′, σ′) ∈ G′∞ with d′ = z a2 z b3 η̂ a11 η̂ a22 · · · ,
χ
(
π2,ζ(k)
∣∣g′) = { 2 · (−1)bζ(k)(η1)ord(d′), (g′ ∈ O(VII)),
0 , otherwise.
(12.9)
The indicator function ofO(VII) = K ′∞ is denoted byXO(VII) = XK ′∞ . In the semidirect
product G′A∞ =
(
Z3×D∧∞
)
⋊ A˜∞, the sign character sgnZ3 of Z3 can be naturally extended
to a character of G′A∞ ⊃ O(VII) = K ′∞. Denote it by sgnAZ3 , then the product sgnAZ3 ·XO(VII)
can be considered naturally as a function on G′∞.
Proposition 12.6. The normalized character fVIIk := χ(π2,ζ(k))/2 of π2,ζ(k) is in
E
(
G′∞; χVII
)
and not factorisable. In particular, fVII0 satisfies
fVII0 = sgn
A
Z3 ·XO(VII) ,
(
fVII0
)2
= XO(VII) .(12.10)
12.5. Is the product of two characters also a character ?
Let m be even. Let f1, f2 be characters of G
′∞, and ask “Is the product f3 = f1f2 also
a character ? ” Let fi ∈ E(G′∞;χYi) for i = 1, 2, then f3 = f1f2 ∈ K1(G′∞;χY3) with
χY3 = χY1χY2 , and supp(f3) ⊂ O(Y1) ∩ O(Y2) ⊂ O(Y3). The spin types of the 1st kind
are
{
χY ; Y = I, IV,V,VI,VIII
}
, and those of the 2nd kind are
{
χY ; Y = II, III,VII
}
.
Y1 I IV V VI VIII II III VII
Y2 = II VII VI III IV II VIII V I
Y2 = III VI VII II I III ∗ VIII IV
Y2 = VII II III VI V VII ∗ ∗ VIII
Table 12.7. Products of spin types χY3 = χY1χY2 .
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If both of χY1 , χY2 are of the 1st kind or of the 2nd kind, then the product χY1χY2 = χY3
is of the 1st kind. Assume that χY1 be of the 1st kind and χY2 be of the 2nd kind as in
the left half of Table 12.7, and consider the cases where the product χY3 is of the 1st kind.
There exist 6 such triplets (Y1,Y2,Y3)’s. Containing them, we consider the cases where at
least one of Yi is V or VI. Then we see, for fi ∈ E(G′∞;χYi), i = 1, 2,
supp(f1f2) ⊂ O(Y1) ∩O(Y2) = O(str) = O(V) = O(VI).(12.11)
Theorem 12.8. (i) Let f1, f2 be characters of G
′∞ which are factorisable, then the
product f1f2 is also a character. Symbolically F (G
′∞)F (G′∞) ⊂ F (G′∞) and F (G′∞;χY1) ·
F (G′∞;χY2) ⊂ F (G′∞;χY3). In case χY1 , χY2 are both of the 1st kind, this means also that
E(G′∞;χ
Y1)E(G′∞;χ
Y2) ⊂ E(G′∞;χY3).(12.12)
(ii) Assume that one of Yi (i = 1, 2, 3) is V or VI. Then there holds (12.12).
Proof. We prove (ii). Note that supp(f3) ⊂ O(str) and O(str) is factorisable (Table
12.1). It suffices to prove that f3 is factorisable by Theorem 12.3 (i).
If a g′ ∈ O(str) splits as g′ = h′k′, supp(h′)∩supp(k′) = ∅, then h′, k′ ∈ O(str) ⊂ O(Yi)
for i = 1, 2. Hence fi(g
′) = fi(h′)fi(k′) (i = 1, 2) by Theorem 12.4 for i = 2, and so
f3(g
′) = f3(h′)f3(k′). If a g′ 6∈ O(str) splits as g′ = h′k′, supp(h′) ∩ supp(k′) = ∅, then one
of h′ and k′ is not in O(str) = O(Y1) ∩ O(Y2). Suppose h′ 6∈ O(str), then h′ 6∈ O(Y1)
or h′ 6∈ O(Y2). Correspondingly f1(h′) = 0 or f2(h′) = 0, whence f3(h′) = 0, and so
f3(g
′) = 0 = f3(h′)f3(k′). Thus f3 is factorisable, and so is a character. 
After calculating all the characters explicitly, we see in §22.3, for which (Y1,Y2,Y3) the
assertion (12.12) fails, or E(G′∞;χY1)E(G′∞;χY2) 6⊂ E(G′∞;χY3).
13 Infinite symmetric group S∞ and its covering group S˜∞
We shortly review some results for these groups, which are necessary for later studies.
13.1. Characters of infinite symmetric group S∞
13.1.1. Thoma’s character formula. E.Thoma gave in [37] a general character
formula for the infinite symmetric group S∞ = G(1, 1,∞). To do so, he first proved in
[ibid, Satz 1] the criterion (EF), that is, for f ∈ K1(S∞),
(EF) f is extremal ⇐⇒ f is factorisable.
Prepare a parameter (α, β), called Thoma parameter, given as
α = (αi)i>1, α1 ≥ α2 ≥ α3 ≥ . . . ≥ 0,
β = (βi)i>1, β1 ≥ β2 ≥ β3 ≥ . . . ≥ 0;
‖α‖+ ‖β‖ ≤ 1, with ‖α‖ :=∑i>1αi, ‖β‖ :=∑i>1 βi.(13.1)
51
The set of all Thoma parameters is denoted by A :
A := {(α, β) ; α = (αi)i>1, β = (βi)i>1, ‖α‖+ ‖β‖ ≤ 1}.(13.2)
Theorem 13.1. (Thoma) A character of S∞ is given by a parameter (α, β) ∈ A as
fα,β given below. A non-trivial σ ∈ S∞ is decomposed into a product of disjoint cycles σj
as σ = σ1σ2 · · · σm, let ℓj = ℓ(σj) be the length of cycle σj , then
fα,β(σ) =
∏
j∈Im
fα,β(σj), fα,β(σj) =
∑
i>1
α
ℓj
i + (−1)ℓj−1
∑
i>1
β
ℓj
i .(13.3)
The set E(S∞) of all characters is compact with the pointwise convergence topology
and is homeomorphic to A with the coordinatewise topology, under the correspondence
E(S∞) ∋ fα,β 7→ (α, β) ∈ A.
13.1.2. Limits of irreducible characters along Sn ր S∞.
Infinite symmetric group S∞ is an inductive limits of n-th symmetric groups as n→∞.
The dual Ŝn is parametrized by the set Yn of Young diagrams of size n{
λ(n) =
(
λ
(n)
1 , λ
(n)
2 , . . . , λ
(n)
n
) ∈ Pn,
λ
(n)
1 ≥ λ(n)2 ≥ . . . ≥ λ(n)n ≥ 0, |λ(n)| = n.
(13.4)
Take a complete set of representatives (=CSR) {π
λ
(n) ; λ(n) ∈ Yn}, and their normalized
characters χ˜(π
λ
(n) |σ) (σ ∈ Sn), For 1 ≤ k ≤ n, let the length of k-th row and that of k-th
column of λ(n) be respectively rk(λ
(n)) and ck(λ
(n)). Then, rk(λ
(n)) = λ
(n)
k and∑
16k6n
rk(λ
(n)) = n,
∑
16k6n
ck(λ
(n)) = n.(13.5)
A.Vershik and S.Kerov gave in [38, Theorems 1, 2] and in [39, Theorem 1] (cf. also
[25]) very interesting result, which is the origin of the so-called asymptotic theory in group
representations, as
Theorem 13.2. (Vershik-Kerov) Pointwise limit lim
n→∞ χ˜(πλ(n) ;σ) (σ ∈ S∞) exists if
and only if the following limits exist
lim
n→∞
ck(λ
(n))
n
= αk, lim
n→∞
rk(λ
(n))
n
= βk (k = 1, 2, . . .).(13.6)
In that case, the limit is equal to the character fα,β of S∞ with α = (αk)k>1 and β =
(βk)k>1.
The key of the proof of this theorem is the following approximative evaluation coming
from the character formula of F. Murnaghan ([30], [38]) :
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Lemma 13.3. Let χ˜(π
λ
(n) | ·) be the normalized character of IR π
λ
(n) of Sn. Let
σ(ℓ) ∈ Sn be a cycle of length ℓ ≥ 2, then there holds the following approximative evaluation
along n → ∞ : with Frobenius parameter a(n)k := rk(λ(n)) − k ≥ 0, b(n)k := ck(λ(n)) − k ≥
0 (1 ≤ k ≤ ∃Rn),
χ˜
(
λ(n)|σ(ℓ)) = ∑
16k6Rn
(
a
(n)
k
n
)ℓ
+ (−1)ℓ−1
∑
16k6Rn
(
b
(n)
k
n
)ℓ
+ O
(
1
n
)
.(13.7)
In [6], we gave another kind of approximation of fα,β as n→∞.
13.2. Characters of universal covering group S˜∞ of S∞
13.2.1. Products of two characters of S˜∞. The inductive limit of representation
groups S˜n of Sn is the double covering group S˜∞ :=
⋃
n≥4 S˜n of S∞ such as {e} → Z1 →
S˜∞
Φ→ S∞ → {e}, where Z1 = 〈z1〉. Characters of the central subgroup Z1 of S˜∞ are
χ+ = 1, χ− = sgnZ1 and so the set E(S˜∞) of characters is divided into two subset according
to spin types χ ∈ Ẑ1. Put E(S˜∞;χ) := {f ∈ E(S˜∞) ; f(z1σ′) = χ(z1)f(σ′) (σ′ ∈ Ŝ∞)},
called non-spin or spin according as χ = χ+ or χ−. Then they are the sets of all normalized
characters of type II1 non-spin or spin factor representations, except two linear characters
1S, sgnS, and
E
(
S˜∞
)
=
⊔
χ∈Ẑ1
E
(
S˜∞;χ
)
, E
(
S˜∞;χ+
) ∼= E(S∞).(13.8)
A σ′ ∈ S˜∞ is called of the second kind if σ′ is not conjugate to z1σ′ (under S˜∞),
otherwise it is called of the first kind. If σ′ is odd, then it is of the first kind. In fact, take
another odd τ ′ such that supp(τ ′) ∩ supp(σ′) = ∅, then τ ′σ′τ ′ −1 = z1σ′. The set of all
elements of the second kind is denoted by O(S˜∞;χ−). A decomposition σ′ = σ′1σ′2 · · · σ′t of
σ′ ∈ S˜∞ is called cycle decomposition if it becomes a cycle decomposition of σ = Φ(σ′) on
the level of S∞ through ΦS : S˜∞ → S∞.
Lemma 13.4. A σ′ ∈ S˜∞ is of the second kind if σ′ has a cycle decomposition with
components σ′j all of odd lengths. Let σ
′
ν (ν ∈ P∞) (cf. §4.1) be a standard representative
of a conjugacy class of S˜∞ modulo Z1, then σ′ν ∈ O(S˜∞;χ−) if and only if ν ∈ OPn. 
Proposition 13.5. (i) For any f ∈ E(S˜∞;χ−), supp(f) ⊂ O(S˜∞;χ−) ⊂ A˜∞.
(ii) For an f ∈ K1(S˜∞;χ) :=
{
f ∈ K1(S˜∞) ; f is of spin type χ
}
,
(EF) f is extremal ⇐⇒ f is factorisable.
(iii) The set E(S˜∞) of all characters is closed under product, and for f1 ∈ E(S˜∞;χ1),
f2 ∈ E(S˜∞;χ2), we have f1f2 ∈ E(S˜∞;χ1χ2).
Proof. (i) Since f(z1σ
′) = χ−(z1)f(σ′) = −f(σ′), if σ′ is of the first kind, then
f(z1σ
′) = f(σ′), and so f(σ′) = 0.
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(ii) For χ = χ+, this is already known. For χ = χ−, since supp(f) ⊂ O(S˜∞;χ−), a
cycle decomposition of σ′ ∈ supp(f) is given as σ′ = σ′1σ′2 · · · σ′t with sgn(σ′j) = 1. Then
σ′j’s are mutually commutative and the factorisability f(σ
′) =
∏
16j6t f(σ
′
j) can be proved
just as for S∞.
(iii) The product f = f1f2 is central, positive- definite and factorisable. By the criterion
(EF), f is extremal. 
13.2.2. Spin characters of S˜∞ (Nazarov’s character formula).
Schur’s Hauptdarstellung ∆′n, n ≥ 4, is defined in §4.1 by the formula (4.2)–(4.3),
and its character is given in Theorem 4.1. So, its normalized character is, for a standard
representative σ′ν
(
ν = (νp)p>1 ∈ OPn
)
, χ˜(∆′n|σ′ν) =
∏
p>1(−2)−(νp−1)/2.
Theorem 13.6. The pointwise limit function ψ∆(·) := limn→∞ χ˜(∆′n| ·) is given as
follows: for σ′ν ∈ S˜n ⊂ S˜∞ with ν = (νp)p>1 ∈ OPn ,
ψ∆(σ
′
ν) =
∏
p>1
(−2)−(νp−1)/2.(13.9)
As the support of ψ∆, we have a subset of S˜∞ as
O(S˜∞;OP∞) := {z a1 σ′ν ; a = 0, 1, ν ∈ OP∞}, OP∞ :=⋃n>1OPn .(13.10)
A multiplication map ϕ : f 7→ ψ∆ ·f on E(S˜∞) gives into-maps as
E(S˜∞;χ+)
ϕ−→←−ϕ E(S˜∞;χ−).(13.11)
We prepare, as a parameter space for E(S˜∞;χ−),
C := {γ = (γi)i>1 ; γ1 ≥ γ2 ≥ γ3 ≥ . . . ≥ 0, ‖γ‖ =∑
i>1
γi ≤ 1
}
.(13.12)
For γ ∈ C, put 12γ := (12γi)i>1. For (α, β) ∈ A, we define α∨β by collecting all components
αj , βk of α, β and then reordering them according to the order ≥ . Recall that, for an
interval K = [1, ℓ] ⊂N with ℓ > 1, we put σ′K = r1r2 · · · rℓ−1 ∈ S˜∞.
Lemma 13.7. Let fα,β, fγ,0 ∈ E(S∞) = E(S˜∞;χ+) with 0 = (0, 0, . . .). Put
ψγ := ψ∆ ·fγ,0 = ϕ(fγ,0), γ ∈ C.(13.13)
Then, ψγ
(
σ′[1,ℓ]
)
= (−2)−(ℓ−1)/2 ·∑i>1γ ℓi (ℓ > 1 odd), and
ϕ(fα,β) = ψ∆ ·fα,β = ψ∆ ·fα∨β,0 = ψα∨β ∈ E(S˜∞;χ−),
ϕ2(fα,β) = ϕ(ψγ) = f 1
2
γ, 1
2
γ ∈ E(S∞) with γ = α ∨ β.
The following theorem is due to the detailed study of Nazarov.
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Theorem 13.8. ([31, Theorem 3.3]) The set of spin characters of S˜∞ is
E(S˜∞;χ−) =
{
ψγ = ψ∆ ·fγ,0 ; γ ∈ C
}
.
13.2.3. Limits of spin irreducible characters along S˜n ր S˜∞.
Spin IRs τλ (λ = (λ1, λ2, . . . , λl) ∈ SPn) of S˜n are given in (4.12) and the supports of
their characters χ(τλ| ·) are evaluated in (4.13). Put l(λ) := l and ε(λ) = 0, 1 according as
d(λ) := n− l(λ) is even or odd.
On the other hand, for ν = (ν1, ν2, . . . , νt) ∈ Pn, we put ν′ = (ν ′1, ν ′2, . . . , ν ′t, ν ′t+1) ∈
Pn+1 with ν
′
j = νj (j ∈ It) and ν ′t+1 = 1, then Pn is embedded into Pn+1 through ν 7→ ν ′.
Put OP∞ :=
⋃
n>1OPn. Then a CSR of conjugacy classes modulo Z1 in O(S˜∞;χ−) is
given by the set {σ′ν ; ν ∈ OP∞}. To simplify the signs of character values, we replace σ′ν
by tν given as follows: put tj = z
j−1
1 rj (j ≥ 1) and for ν = (ν1, ν2, . . . , νt) ∈ Pn, put
K1 = [1, ν1], Kj = [ν1 + · · ·+ νj−1 + 1, ν1 + · · · + νj] (j ≥ 2), and tK := tata+1 · · · tb−1 for
K = [a, b], and tν := tK1tK2 · · · tKt . Then,(
ψ∆fγ,0
)
(tν) =
∏
16j6t
(
2−(νj−1)/2
∑
i>1
γ
νj
i
)
.(13.14)
Put χλν := χ(τλ|tν) for λ ∈ SPn and ν ∈ OPn, and Xλν := 2(l(λ)+ε(λ)−l(ν))/2χλν . Then,
from the dimension formula, we have for ν = (1, 1, . . . , 1) = (1n),
Xλ(1n) =
n!
λ1!λ2! · · · λl!
∏
16i<j6l
λi − λj
λi + λj
.(13.15)
Put χ˜λν := χ
λ
ν/dim τλ. Nazarov’s calculation of its limits, as n = |λ| → ∞, is interesting
and we follow its main stream. The next proposition plays a similar role as Murnaghan’s
character formula in the non-spin case (cf. Lemma 13.3).
Proposition 13.9. (cf. [27] and [31, Proposition 1.7]) Let λ = (λ1, . . . , λl) ∈ SPn,
ν = (ν1, . . . , νt) ∈ OPn, k > 1 odd integer. Let ν0 ∈ OPn−k be a partition of n− k obtained
from ν one term νj0 = k (i.e., ΦS
(
tνj0
)
is a cycle of length k). If k satisfies the condition
λi − λi+1 > k (1 ≤ ∀i < l), λl > k,(13.16)
a value of irreducible spin character of S˜n is given from those of S˜n−k as follows:
Xλν =
∑
16i6l
X
(λ1,...,λi−1,λi−k,λi+1,...λl)
ν0
.(13.17)
Apply this formula for ν = (k, 1, . . . , 1) = (k, 1n−k) and use (13.15), then we have
Lemma 13.10. Suppose λ ∈ SPn and k satisfies the condition (13.16). Then
Xλ
(k,1n−k)
Xλ(1n)
= 2(k−1)/2 χ˜λ(k,1n−k) =
∑
16i6l
Ai(n)Bi(n),(13.18)
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Ai(n) =
λi(λi − 1) · · · (λi − k + 1)
n(n− 1) · · · (n− k + 1) , Bi(n) =
∏
j 6=i
(λi − k − λj)(λi + λj)
(λi − k + λj)(λi − λj)
Lemma 13.11. For a fixed odd integer k > 1, assume that λ = λ(n) =
(
λ1(n), λ2(n),
. . . , λl(n)(n)
) ∈ SPn, l(n) = l(λ(n)), for n→∞ satisfy the condition (13.16). Suppose
lim
n→∞
λi(n)
n
= γi (∀i ≥ 1).(13.19)
Then, lim
n→∞Ai(n) = γ
k
i , limn→∞
∑
16i6l(n)
Ai(n)Bi(n) =
∑
i>1
γ ki , and γ = (γj)j>1 ∈ C.
By Proposition 13.5 (ii), the criterion (EF) holds for S˜∞. Hence we obtain
Theorem 13.12. ([31, Theorem 3.5]) A series of normalized characters χ˜(τλ(n)| ·) of
spin IRs τλ(n), λ(n) ∈ SPn, converges pointwise if and only if the limits (13.19) exist. In
that case lim
n→∞ χ˜(τλ(n)) = ψ∆ · fγ,0 . Hence
Lim(S˜∞;χ−) = {ψ∆ · fγ,0 ; γ ∈ C} = E(S˜∞;χ−).
14 Characters of infinite generalized symmetric group G(m, 1,∞)
The case of non-spin character, or of spin type χVIII = (1, 1, 1), of infinite generalized
symmetric group S∞(Zm) = G(m, 1,∞) can be discussed similarly as in the case of non-
spin character of infinite symmetric group S∞ = G(1, 1,∞). Fixing m, we can prove
Lim(G∞) = F (G∞) = E(G∞) for G∞ := G(m, 1,∞).
First we quote from §3 the results on irreducible characters of Gn = G(m, 1, n) =
Dn(T ) ⋊Sn, T = Zm. Let Y :=
⊔
n>0Yn, be the set of all Young diagrams, and put for
K = T̂ or T̂ 0,
Y (T̂ ) :=
⊔
n>0
Yn(T̂ ),(14.1)
Yn(T̂ ) :=
{
Λn = (λn,ζ)
ζ∈T̂ ; λ
n,ζ ∈ Y ,
∑
ζ∈T̂ |λ
n,ζ | = n
}
.(14.2)
The dual Ĝn of Gn is parametrized by Yn(T̂ ). For Λ
n = (λn,ζ)
ζ∈T̂ ∈ Yn(T̂ ), let
Π˘Λn be IR constructed in §3.1, then its character is given in Theorem 3.4. With the
same notation as in §3.2, we write down its normalized character χ˜(Π˘Λn |g) as follows. For
g = (d, σ) ∈ Gn = Dn ⋊Sn, let its standard decomposition be as in (3.12)
g = (d, σ) = ξq1ξq2 · · · ξqrg1g2 · · · gs, ξq =
(
tq, (q)
)
, gj = (dj , σj),(14.3)
and put J = Is, Q = {q1, q2, . . . , qr}. Here σj is a cycle of length ℓj := ℓ(σj), supp(dj) ⊂
supp(σj), and Kj := supp(σj) (j ∈ J) are mutually disjoint. Then g ∈ Hn = Dn(T ) ⋊∏
ζ∈T̂ SIn,ζ if and only if Kj ⊂ In,ζ (∃ζ ∈ T̂ ) for each j ∈ J .
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Theorem 14.1. The normalized character is given as follows. For ∈ Gn not conjugate
to an element of Hn, χ˜
(
Π˘Λn |g
)
= 0. For g ∈ Hn,
χ˜
(
Π˘Λn |g
)
=
∑
Q,J
c(Λn;Q,J ; g)X˜(Λn;Q,J ; g),
c(Λn;Q,J ; g) = (n− |supp(g)|)!
n!
·
∏
ζ∈T̂
|λn,ζ |!(
|λn,ζ | − |Qζ | −
∑
j∈Jζ ℓj
)
!
,
X˜(Λn;Q,J ; g) =
∏
ζ∈T̂
( ∏
q∈Qζ
ζ(tq) ·
∏
j∈Jζ
ζ
(
P (dj)
) · χ˜(π
λ
n,ζ |(ℓj)j∈Jζ
))
,(14.4)
with ℓj := ℓ(σj) and χ˜
(
π
λ
n,ζ |(ℓj)j∈Jζ
)
:= χ
(
π
λ
n,ζ |(ℓj)j∈Jζ
)
/dimπ
λ
n,ζ , where the pair of
Q = (Qζ)ζ∈T̂ and J = (Jζ)ζ∈T̂ runs over partitions of Q and J satisfying
(Condition QJ) |Qζ |+
∑
j∈Jζ
ℓj ≤ |λn,ζ | (ζ ∈ T̂ ).
Now we calculate limits of non-spin irreducible characters of G(m, 1, n) along Λn =
(λn,ζ)ζ∈T̂ ∈ Yn(T̂ ) (n→∞).
Lemma 14.2. A necessary and sufficient condition for that lim
n→∞ χ˜
(
Π˘Λn |(d,1)
)
con-
verges for any d ∈ D∞(T ) is the existence of the limit
(Condition I) Bζ := lim
n→∞
|λn,ζ |
n
(ζ ∈ T̂ ).
In that case,
∑
ζ∈T̂ Bζ = 1 and
lim
n→∞ χ˜
(
Π˘Λn |(d,1)
)
=
∏
q∈Q
F1(tq), F1(t) :=
∑
ζ∈T̂
Bζ ζ(t) (t ∈ T ).(14.5)
Under (Condition I), we assume for a series Λn = (λn,ζ)ζ∈T̂ , n→∞,
(Condition IΛ) for any ζ ∈ T̂+ := {ζ ∈ T̂ ; Bζ > 0}, the following limits exist
lim
n→∞
rk(λ
n,ζ)
|λn,ζ | = α
′
ζ;k , limn→∞
ck(λ
n,ζ)
|λn,ζ | = β
′
ζ;k (1 ≤ k <∞).
In that case, put
αζ,0;k := lim
n→∞
rk(λ
n,ζ)
n
, αζ,1;k := lim
n→∞
ck(λ
n,ζ)
n
,
µζ := Bζ −
∑
ε=0,1
‖αζ,ε‖ ≥ 0, αζ,ε := (αζ,ε;i)i>1 (ε = 0, 1).
(14.6)
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Then, for ζ ∈ T̂+, αζ,0;k = Bζ α′ζ;k, αζ,1;k = Bζ β′ζ;k . Put, for ζ 6∈ T̂+, αζ,0;k := αζ,1;k :=
0, µζ := 0. Then we have αζ,ε (ε = 0, 1) and µ = (µζ)ζ∈T̂ , and∑
ζ∈T̂
∑
ε=0,1
‖αζ,ε‖ + ‖µ‖ = 1, ‖µ‖ =
∑
ζ∈T̂ µζ .
Collecting these data together, we take A :=
(
(αζ,ε)(ζ,ε)∈T̂×{0,1} ; µ
)
as a parameter for the
limit function fA := lim
n→∞ χ˜
(
Π˘Λn). For a g = (d, σ) ∈ G∞, take its standard decomposition
(14.3), then
fA(g) :=
∏
q∈Q
{∑
ζ∈T̂
( ∑
ε∈{0,1}
‖αζ,ε‖ + µζ
)
ζ(tq)
}
(14.7)
×
∏
j∈J
{∑
ζ∈T̂
( ∑
ε∈{0,1}
∑
i∈N
(αζ,ε;i)
ℓjχε(σj) · ζ
(
P (dj)
))}
,
where χε(σj) = sgnS(σj)
ε = (−1)ε(ℓj−1), ℓj = ℓ(σj), P (dj) =
∏
i∈Kiti ∈ T.
Notation 14.3. To express sets of characters, put for K = T̂ of T̂ 0,
A =
(
(αζ,ε)(ζ,ε)∈K×{0,1} ; µ
)
(14.8)
αζ,ε = (αζ,ε;i)i>1, αζ,ε;1 ≥ αζ,ε;2 ≥ . . . ≥ 0, µ = (µζ)ζ∈K, µζ ≥ 0,
A(K) := {A = ((αζ,ε)(ζ,ε)∈K×{0,1} ; µ) ; satisfies (14.10)},(14.9) ∑
(ζ,ε)∈K×{0,1}
‖αζ,ε‖+ ‖µ‖ = 1, ‖αζ,ε‖ =
∑
i>1
αζ,ε;i, ‖µ‖ =
∑
ζ∈K
µζ .(14.10)
Theorem 14.4. A series of normalized irreducible characters χ˜
(
Π˘Λn |g
)
of G(m, 1, n) =
Sn(T ), T = Zm, converges pointwise as n→∞ if and only if (Condition I) + (Condition
IΛ) holds. In that case, determine by (14.6), a parameter
A =
(
(αζ,ε)(ζ,ε)∈T̂×{0,1} ; µ
) ∈ A(T̂ ),
then the limit function is fA in (14.7). Thus there holds
Lim
(
G(m, 1,∞)) = {fA ; A ∈ A(T̂ )} = E(G(m, 1,∞)).
15 Heredity from R
(
G(m, 1,∞)) and the case of R(G(m, p,∞)).
15.1. Restriction of characters to normal subgroups.
Let G be a Hausdorff topological group and N its normal subgroup with relative topol-
ogy. Denote by K(N,G) the set of central positive-definite continuous functions on N
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invariant under conjugation of G, K1(N,G) its convex subset of f ∈ K(N,G) normalized
as f(e) = 1, and E(N,G) the set of extremal elements of K1(N,G).
Theorem 15.1. [14, Theorem 14.1] The restriction map ResGN : K1(G) ∋ F 7→ f =
F |N ∈ K1(N,G) maps E(G) into E(N,G).
We proved the surjectivity of ResGN for G = S∞(T ) with T a compact group in [14,
Theorem 15.1]. Furthermore we have the following
Theorem 15.2. Let G be a discrete group and N its normal subgroup, then the re-
striction map ResGN maps E(G) onto E(N,G).
Proof. Take an f ∈ E(N,G). Extend f to the whole of G by putting 0 outside of N and
denote it by Ff . Then it is in K1(G). On the other hand, for discrete group G, K≤1(G) is
weakly compact and Extr
(
K≤1(G)
)
= E(G)
⊔{0}. Apply integral representation theorem
of Bishop - de Leeuw [2,Theorem 5.6] to the weakly compact convex set K≤1(G), then there
exists a probability measure µf on E(G) such that
Ff =
∫
E(G)
F dµf (F ), and so f =
∫
E(G)
(F |N ) dµf (F ).
On the other hand, by Theorem 15.1, F |N ∈ E(N,G) for any F ∈ E(G). Hence the above
formula expresses f ∈ E(N,G) by means of F |N ∈ E(N,G). Since f is an extremal point,
for almost all F (with respect to µf ), we have F |N = f . 
Now recall that a generarized symmetric group G(m, 1, n) = Dn(T ) ⋊ Sn, T = Zm,
has, as a mother group, her child groups G(m, p, n), p|m, p > 1, inside her as
G(m, p, n) := {g = (d, σ) ∈ Dn(T )⋊Sn ; ord(d) ≡ 0 (mod p)}.(15.1)
Let yi (i ∈ In) be a specified generator of i-th component Ti of Dn(T ) =
∏
i∈In Ti, Ti =
T , and put
x1 := y
p
1 (x1 = e if p = m), xj := y
−1
1 yj (j ∈ In, > 1).(15.2)
Then G(m, p, n) is generated by Sn and {xj (j ∈ In)}. Moreover, we have
Theorem 15.3. [I, Proposition 3.4] Let 4 ≤ n < ∞, p|m, p > 1, and put q := m/p.
As an abstract group, G(m, p, n) is presented as a group given by
• set of generators: {s1, s2, . . . , sn−1, x1, x2, . . . , xn},
• set of fundamental equations:
(ii) s 2i = e (i ∈ In−1), (sisi+1)3 = e (i ∈ In−2), sjsk = sksj (|j − k| ≥ 2);
(iii)
{
x q1 = e, x
m
j = e (j ∈ In, >1),
xjxk = xkxj (j 6= k) ;
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(iv-1)
{
sixis
−1
i = xi+1, sixi+1s
−1
i = xi (i ∈ In−1, >1),
sixjs
−1
i = xj (j 6= i, i+1, i ∈ In−1, >1, j ∈ In),
(iv-2)
{
s1x1s
−1
1 = x1x
p
2 , s1x2s
−1
1 = x
−1
2 ,
s1xjs
−1
1 = x
−1
2 xj (j ∈ In, >2).
To be simple, we consider the limiting case as n→∞, and let G be G(m, 1,∞), and N
be one of its canonical normal subgroups in (12.4)
G(m, p,∞), p|m, p > 1, GA∞ := D∞ ⋊ A∞, GA(m, p,∞) = GA∞ ∩G(m, p,∞).
In this case, the restriction map ResGN : F 7→ f = F |N for F ∈ E(G) is studied in [14, §7
and §§15–16] and there proved that it is surjective onto E(N). We call this kind of property
as heredity (from G to N). Below in §15.6 we study how to express the heredity by means
of a finite group action on the parameter space (see also Lemma 17.3 and Theorem 17.4).
15.2. Representation groups of child groups.
This kind of heredity holds also in the spin case. Recall the exact sequence (1.7) defining
the representation group R(G(m, 1, n) for n ≥ 4:
{e} −→ Z −→ R(G(m, 1, n)) Φ−→ G(m, 1, n) −→ {e} (exact),(15.3)
where Z = M(Gn) =
{
Z1, for m odd,
Z1 × Z2 × Z3, for m even, Zi = 〈zi〉, z
2
i = e.
In case m is odd,
R
(
G(m, 1, n)
)
= Dn(T )⋊ S˜n, Dn(T ) = 〈η1, η2, . . . , ηn〉, ηjηk = ηkηj, η mj = e.
In case m is even,
R
(
G(m, 1, n)
)
= D˜∨n (T )⋊ S˜n, D˜∨n (T ) := D˜n(T )× Z3 ∼= D∧n (T )× Z3,
D˜n(T ) = 〈z2, η1, η2, . . . , ηn〉, ηjηk = z2ηkηj (j 6= k), η mj = e,
D∧n (T ) = 〈z2, η̂1, η̂2, . . . , η̂n〉 with η̂k := z k−13 ηk, riη̂kr−1i = z3η̂sik.
To give representation groups of G(m, p, n), we separate cases as follows:
Case OO for p odd, q odd (m odd); Case OE for p odd, q even;
Case EO for p even, q odd; Case EE for p even, q even.
From [32], we see that the Schur multiplier Z = M
(
G(m, p, n)
)
for 5 ≤ n <∞ is given
as follows: M
(
G(m, p, n)
)
= Z
ℓ(m,p,n)
2 ,
in Case OO, Z = Z2, ℓ(m, p, n) = 1, and we put Z = Z1, with Zi = 〈zi〉, z 2i = e,
in Cases EO, Z = Z 22 , ℓ(m, p, n) = 2, and we put Z = Z1 × Z2,
in Cases OE and EE, Z = Z 32 , ℓ(m, p, n) = 3, and we put Z = Z1 × Z2 × Z3.
Theorem 15.4. (Case OO) [I, Theorem 3.5] Let 5 ≤ n < ∞, and m be odd, and
p|m, p > 1. Then a representation group R(G(m, p, n)) is presented as
• set of generators: {z1, r1, r2, . . . , rn−1, w1, w2, . . . , wn};
• canonical homomorphism Φ: Φ(ri) = si (i ∈ In−1), Φ(wj) = xj (j ∈ In) ;
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• set of fundamental relations:
(i) z 21 = e, z1 central element,
(ii) r 2i = e (i ∈ In−1), (riri+1)3 = e (i ∈ In−2), rirj = z1rjri (|i− j| ≥ 2),
(iii)
{
w q1 = e, w
m
j = e (j ∈ In, >1),
wjwk = wkwj (j 6= k);
(iv-1) for i > 1,
{
riwir
−1
i = wi+1, riwi+1r
−1
i = wi,
riwjr
−1
i = wj (j ∈ In, j 6= i, i+1);
(iv-2)
{
r1w1r
−1
1 = w1w
p
2 , r1 w2 r
−1
1 = w
−1
2 ,
r1wjr
−1
1 = w
−1
2 wj (j ∈ In, j >2).
By (ii), 〈ri (i ∈ In−1)〉 = S˜n, and by (iii), 〈wj (j ∈ In)〉 ∼= 〈xj (j ∈ In)〉 ∼=
Dn(Zm)
S(p) := {d ∈ Dn(Zm) ; P (d) ∈ S(p)}. The representation group R
(
G(m, p, n)
)
can be expressed as a semidirect product as
R
(
G(m, p, n)
) ∼= Dn(Zm)S(p) ⋊ S˜n.
Theorem 15.5. (Cases EO, OE, EE) [I, Theorems 3.6, 3.7, 3.8] Let 5 ≤ n <∞, and
m be even, and p|m, p > 1. Then a representation group R(G(m, p, n)) is presented as
• set of generators: {zi (1 ≤ i ≤ ℓ(m, p, n)), r1, r2, . . . , rn−1, w1, w2, . . . , wn};
• canonical homomorphism Φ: Φ(ri) = si (i ∈ In−1), Φ(wj) = xj (j ∈ In) ;
• set of fundamental relations:
(i) z 2i = e (1 ≤ i ≤ ℓ(m, p, n)), zi central element,
(ii) the same as above,
(iii)
{
w q1 = e, w
m
j = z
m/2
2 (j ∈ In, >1),
wjwk = z2wkwj (j 6= k).
(iv-1) For i > 1,

riwir
−1
i = wi+1 , riwi+1r
−1
i = wi,
riw1r
−1
i = z
q−1
3 w1 ,
riwjr
−1
i = wj (j 6= i, i+1, j ∈ In, >1),
(iv-2)
{
r1w1r
−1
1 = z
[p/2]
2 z
q−1
3 w1w
p
2 , r1 w2 r
−1
1 = w
−1
2 ,
r1wjr
−1
1 = w
−1
2 wj (j ∈ In, >2).
Note that, in Case EO, since q is odd, z q−13 = e in (iv-2) and so z3 disappears.
The representation group R
(
G(m, p, n)
)
can be expressed as a semidirect products ac-
cording to Case EO and Cases OE and EE respectively as
R
(
G(m, p, n)
) ∼= D˜n(Zm)S(p) ⋊ S˜n , R(G(m, p, n)) ∼= (D˜n(Zm)S(p) × Z3)⋊ S˜n .
For infinite generalized symmetric group G(m, 1,∞) = S∞(Zm), and its normal sub-
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group G(m, p,∞) = S∞(Zm)S(p), we take the inductive limits{
R
(
G(m, 1,∞)) := lim
n→∞R(
(
G(m, 1, n)
)
,
R
(
G(m, p,∞)) := lim
n→∞R(
(
G(m, p, n)
)
,
(15.4)
Then, R
(
G(m, 1,∞)) is represented as in Theorem 15.2 by just putting n = ∞, that
is, the symbols In, In−1, In−2 are all replaced by I∞ = N . Moreover, to represent
R
(
G(m, p,∞)), p|m, p > 1, by means of a set of generators and a set of fundamental
relations, we just replace n in Theorem 15.3 by n =∞. We take these groups as interesting
infinite discrete groups in the category of locally finite infinite groups, and wish to study
their characters and spin ones, limiting processes as n → ∞, convergence and divergence,
calculation of limit functions and treatment from the side of probability theory. These
studies were first opened by A.Vershik - S.Kerov ([38], [39]) and now become very fruitful.
15.3. Subgroup Φ−1
(
G(m, p, n)
) ⊂ R(G(m, 1,∞)) and R(G(m, p, n)).
To show the heredity in the spin case, we study the relations between the full inverse
image of G(m, p, n) in R
(
G(m, 1, n)
)
and the representation group R
(
G(m, p, n)
)
.
Put G′n := R
(
G(m, 1, n)
)
, N ′n := Φ−1
(
G(m, p, n)
)
for 5 ≤ n < ∞, and we mean for
n =∞ their inductive limits as n→∞.
In the notation ηj (j ∈ In) in §15.2, we put
ŵ1 = η
p
1 , ŵj = η
−1
1 ηj (j ∈ In, >1).(15.5)
Then N ′n is generated by the union Z
⊔{ri (i ∈ In−1, ŵi (i ∈ In)}.
Theorem 15.6. (Case OO,m odd) The full inverse image Φ−1
(
G(m, p, n)
) ⊂ R(G(m,
1, n)
)
is generated by the set {z1, ri (i ∈ In−1), ŵj (j ∈ In)}. Under the correspondence:
ri → ri (i ∈ In−1), ŵj → wj (j ∈ In), the normal subgroup Φ−1
(
G(m, p, n)
)
is canonically
isomorphic to the representation group R
(
G(m, p, n)
)
(Theorem 15.4) of G(m, p, n).
Lemma 15.7. Assume m be even. In the representation group R
(
G(m, 1, n)
)
, the
action of ri (i ∈ In−1) on ŵj (j ∈ In) is given as
(iv0-1) For i > 1,
{
riŵir
−1
i = ŵi+1 , riŵi+1r
−1
i = ŵi,
riŵjr
−1
i = ŵj (j > 1, 6= i, i+1),
(iv0-2)
{
r1ŵ1r
−1
1 = z
p(p−1)/2
2 z
p
3 ŵ1ŵ
p
2 , r1ŵ2r
−1
1 = ŵ
−1
2 ,
r1ŵjr
−1
1 = ŵ
−1
2 ŵj (j > 2).
Note that, when p is even, z3 disappears from the above formulae.
Theorem 15.8. (Case OE: p odd, q even) Normal subgroup Φ−1
(
G(m, p, n)
) ⊂
R
(
G(m, 1, n)
)
is canonically isomorphic to the representation group R
(
G(m, p, n)
)
(Theo-
rem 15.5) under the correspondence ri → ri (i ∈ In−1), ŵj → wj (j ∈ In).
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Theorem 15.9. (Case EO, EE: p even) Let p be even.
(i) Define a subgroup H ′(m, p, n) := 〈z1, z2, ri (i ∈ In−1), ŵj (j ∈ In)〉 ⊂ Φ−1
(
G(m,
p, n)
)
. Then H ′(m, p, n) is not normal but
Φ−1
(
G(m, p, n)
)
= Z3 ·H ′(m, p, n) ∼= Z3 ×H ′(m, p, n).(15.6)
(ii) Case EO: q = m/p odd. Under the correspondence, ri → ri (i ∈ In−1), ŵj →
wj (j ∈ In), the subgroup H ′(m, p, n) is canonically isomorphic to R
(
G(m, p, n)
)
.
(iii) Case EE: q = m/p even. Under the correspondence ri → ri (i ∈ In−1), ŵj →
wj (j ∈ In), the subgroup H ′(m, p, n) is canonically isomorphic to the quotient group
R
(
G(m, p, n)
)/
Z3.
Table 15.10. For n =∞, through the inductive limits, this theorem holds by replacing
both In−1, In by I∞. So we have for 5 ≤ n ≤ ∞ the following:
Case Relation of R
(
G(m, p, n)
)
and Φ−1
(
G(m, p, n)
)
OO, OE R
(
G(m, p, n)
) ∼= Φ−1(G(m, p, n)) ⊳ R(G(m, 1, n))
EO R
(
G(m, p, n)
) ∼= H ′(m, p, n) ⊂ R(G(m, 1, n))
EE R
(
G(m, p, n)
)
/Z3 ∼= H ′(m, p, n) ⊂ R
(
G(m, 1, n)
)
15.4. Automorphisms of Φ−1
(
G(m, p,∞)) and invariant functions on it.
Lemma 15.11. Let 4 ≤ n < ∞, and p|m, p > 1. Then the normal subgroup
Nn = G(m, p, n) of Gn = G(m, 1, n) has index [Gn : Nn] = p and a complete set of
representatives for Gn/Nn is given by {y j1 ; 0 ≤ j < p}. Two automorphism groups
Int(Nn) and AutGn(Nn) := {ι(g)|Nn ; g ∈ Gn}, with ι(g)h := ghg−1 (h ∈ Nn), has in-
dex (n, p) := MCD{n, p}. A complete set of representatives for AutGn(Nn)/Int(Nn) is
given by {ι(y1)j ; 0 ≤ j < (n, p)}.
Proof. Int(Nn) ∼= Nn/ZNn , AutGn(Nn) ∼= Gn/ZGn(Nn), where ZNn is the center of Nn
and ZGn(Nn) is the centraliser of Nn in Gn. Therefore,
|AutGn(Nn)/Int(Nn)| = |Gn/ZGn(Nn)|/|Nn/ZNn | = |Gn/Nn|/|ZGn(Nn)/ZNn |.
On the other hand, |Gn/Nn| = p. ZGn(Nn) (resp. ZNn) consists of elements (y1y2 · · · yn)a
(0 ≤ a < m) (resp. (0 ≤ a < m,na ≡ 0 (mod p)). Here, for 0 ≤ a < m,
na ≡ 0 (mod p) ⇐⇒ (n, p) a = kp (∃k) ⇐⇒ a = k · p/(n, p) (∃k).
Hence ZGn(Nn)/ZNn is represented by the set (y1y2 · · · yn)a
(
0 ≤ a < p/(n, p)). Therefore
|AutGn(Nn)/Int(Nn)| = (n, p). 
Lemma 15.12. Let 5 ≤ n <∞, and p|m, p > 1.
(i) The normal subgroup N ′n := Φ−1
(
G(m, p, n)
)
of G′n = R
(
G(m, 1, n)
)
has index
[G′n : N ′n] = p and a complete set of representatives for G′n/N ′n is given by {η j1 ; 0 ≤ j < p}.
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(ii) Case m odd. [AutG′n(N
′
n) : Int(N
′
n)] = (n, p), where (n, p) := MCD{n, p}. A
complete set of representatives of AutG′n(N
′
n)/Int(N
′
n) is given by
{
ι(η k1 )|N ′n ; 0 ≤ k <
(n, p)
}
, where ι(h′)g′ := h′g′h′ −1.
(iii) Case m even. If n is even, then the same assertion as above holds too.
The proof is similar to that of Lemma 15.11.
Now we consider the inductive limit group G(m, 1,∞) of mother groups G(m, 1, n) and
the one G(m, p,∞) of child groups G(m, p, n) for p|m, p > 1.
Lemma 15.13.
(i) The normal subgroup N = G(m, p,∞) of G = G(m, 1,∞) has index [G : N ] = p
and a complete set of representatives for G/N is given by {η j1 ; 0 ≤ j < p}.
(ii) Two automorphism groups Int(N) and AutG(N) := {ι(g)|N ; g ∈ G} of N , with
ι(g)h := ghg−1 (h ∈ N), have also the index p. Nevertheless, let g ∈ G, then for any n > 1,
there exists an element hk ∈ Nk := G(m, p, k) with k > n such that ι(g)|Nn = ι(hk)|Nn .
(iii) A function f on N is invariant under G or f(ι(g)h) = f(h) (h ∈ N, g ∈ G) if
and only if it is invariant under N . Hence K1(N,G) = K1(N) and E(N,G) = E(N).
Proof. We prove (ii). Let g = (d, σ) ∈ G = D∞(T )⋊S∞. Take η ak so that ord(d)+a ≡
0 (mod p) and put hk := gη
a
k , then hk ∈ Nk. Since ι(ηk) acts on Nn trivially, we have
ι(hk)|Nn = ι(g)|Nn . 
The property of ι(g) in (ii) can be expressed as “ ι(g) is locally inner on N ”.
Now we go up to the spin case and put G′∞ := R
(
G(m, 1,∞)), G′n := R(G(m, 1, n)),
and N ′∞ := Φ−1
(
G(m, p,∞)), N ′n := Φ−1(G(m, p, n)).
Lemma 15.14. Let p|m, p > 1.
(i) For 5 ≤ n ≤ ∞, the normal subgroup N ′n of G′n has index [G′n : N ′n] = p and a
complete set of representatives for G′n/N ′n is given by {η j1 ; 0 ≤ j < p}.
(ii) If p is odd, then every ι(g′) (g′ ∈ G′∞) acts on N ′∞ locally inner way so that, for each
n > 1, there exists an h′ ∈ N ′∞ such that ι(g′)|N ′n = ι(h′)|N ′n . Accordingly K1(N ′∞, G′∞) =
K1(N
′∞) and E(N ′∞, G′∞) = E(N ′∞) for N ′∞ = Φ−1
(
G(m, p,∞)).
Proof. We prove (ii). The restriction onto N ′∞ of ι(G′∞) is generated by ι(η1)|N ′∞ and
ι(N ′∞). So we check ι(η1). For a fixed n > 1, take k > n and h′k = g
′η p−1k ∈ N ′∞. Since p−1
is even and since η 2k commutes elementwise with N
′
n, we have ι(g
′)h′ = ι(h′k)h
′ (h′ ∈ N ′n).

Lemma 15.15. Let p|m, p > 1 be even. Put H ′∞ := limn→∞H
′(m, p, n), then N ′∞ =
Z3 ×H ′∞. The restriction ι(G′∞)|N ′∞ is generated by ι(η1)|N ′∞ and ι(N ′∞).
Let f be an invariant (under N ′∞) function on N ′∞. Then f is invariant under G′∞ if
64
and only if, for any h′ ∈ N ′∞,
f(h′) = f(z L(σ
′)
3 h
′),(15.7)
where h′ = zd′σ′ with z ∈ Z, d′ ∈ D˜∞, ord(d′) ≡ 0 (mod p), σ′ ∈ S˜∞.
Proof. We examine ι(η1). For any n > 1, take k > n and put h
′
k := η1η
−1
j , then h
′
k ∈ N ′k
and ι(η1) = ι(h
′
k)ι(ηj). For h
′ ∈ N ′n, ι(η1)h′ = ι(h′k)ι(ηj)h′ = z ord(d
′)
2 z
L(σ′)
3 ι(h
′
k)h
′ =
ι(h′k)
(
z
L(σ′)
3 h
′) because ord(d′) is even. Since f is assumed to be invariant under N ′∞, we
have f
(
ι(η1)h
′) = f(z L(σ′)3 h′). 
15.5. Heredity from mother group R
(
G(m, 1,∞)) to child groups
We summarize here the results on heredity in the case n =∞. Let p|m and put q = m/p.
Put G′ = R
(
G(m, 1,∞)), and ŵ1 = η p1 , ŵj = η−11 ηj (j ≥ 2), and
N ′ = N ′(m, p,∞) := Φ−1(G(m, p,∞)) = 〈Z, ri (i ≥ 1), ŵj (j ≥ 1)〉,
H ′ = H ′(m, p,∞) := 〈z1, z2, ri (i ≥ 1), ŵj (j ≥ 1)〉, for p even.
We list up the properties of the restriction map ResG
′
N ′ : E(G
′) ∋ F 7→ f = F |N ′ ∈
E(N ′, G′), according to the cases. Put Z ′ := M
(
G(m, p,∞)).
Case OO (m odd). N ′ ∼= R(G(m, p,∞)), Z ′ = Z1, E(N ′, G′) = E(N ′).
ResG
′
N ′ : E(G
′) ∋ F 7→ f = F |N ′ ∈ E(N ′) is surjective onto E(N ′).
Case OE (p odd, q even). N ′ ∼= R(G(m, p,∞)), Z ′ = Z1 × Z2 × Z3.
Take a spin type for E(G′) as χ ∈ Ẑ, Z = Z1 × Z2 × Z3, βi = χ(zi) (i ∈ I3). Then
ResG
′
N ′ : E(G
′;χ) ∋ F 7→ f = F |N ′ ∈ E(N ′;χ) is surjective for each spin type χ.
Case EO (p even, q odd). N ′ = Z3 ×H ′, H ′ ∼= R
(
G(m, p,∞)), Z ′ = Z1 × Z2.
Take a spin type χ′ = (β1, β2) ∈ Ẑ ′ of H ′ with βi = χ′(zi) and put χ = (β1, β2, β3) ∈ Ẑ
with β3 = χ(z3) = 1. Then Res
G′
H′ : E(G
′;χ) ∋ F 7→ f = F |H′ ∈ E(H ′;χ′) is surjective by
Lemma 15.15.
Case EE (p even, q even). H ′ ∼= R(G(m, p,∞))/Z3, Z ′ = Z = Z1 × Z2 × Z3 for
R
(
G(m, p,∞)).
Take a spin type χ = (β1, β2, β3) ∈ Ẑ ′ of R
(
G(m, p,∞)). In case β3 = χ(z3) = 1, put
χ′ = (β1, β2) ∈ (Z1×Z2)∧, then ResG′H′ : E(G′;χ) ∋ F 7→ f = F |H′ ∈ E(H ′;χ′) is surjective
by Lemma 15.15, and E(H ′;χ′) is canonically identified with E
(
R
(
G(m, p,∞));χ).
As seen above, except a half of Case EE: the case of spin type χ = (β1, β2, β3) ∈ Ẑ with
β3 = χ(z3) = −1, the restriction map gives us a sufficient information as heredity from
mother to her children. So we make some comments on the remained cases for Case EE.
Method 15.1. Note that R
(
G(p,m, n)
)
, 5 ≤ n ≤ ∞, is expressed as a semidirect
product as in Lemma 15.5. So, the first proposal is to apply the classical method for a
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semidirect product group to construct IRs and obtain irreducible characters, as explained
in §2 and applied in Part I of this paper.
Method 15.2. Take a spin type χ = (β1, β2, β3) ∈ Ẑ with β3 = −1. Then it is
expressed as a product χ = χ0 · χVII of χ0 = (β1, β2, 1) and a special spin type χVII =
(1, 1,−1) ∈ Ẑ. If two functions f1, f2 on G′(m, p,∞) := R
(
G(m, p,∞)) are respectively
of spin type χ1, χ2, then the product f1f2 is of spin type χ1χ2. Taking as a good model
for R
(
G(m, 1,∞)) in §21, with multiplication operator by fVII0 , we can try to check if any
f1 ∈ E
(
G′(m, p,∞);χ1
)
and a special simple FVII ∈ E(G′(m, p,∞);χVII) produces as
products f1F
VII all of E
(
G′(m, p,∞);χ), χ = χ1χVII, or not. Here we can propose as a
candidate of FVII a simple character in E
(
G′(m, p,∞);χVII) below. By Theorems 15.3 and
15.5, we have the following
Lemma 15.16. The quotient group H ′ = G′(m, p,∞)/(Z1 × Z2) is presented by
the set of generators: {si (i ∈ I∞), xj (j ∈ I∞)},
the set of fundamental relations:
(ii) relations in S∞ for {si (i ∈ I∞)},
(iii) x q1 = e, x
m
j = e, xjxk = xkxj (j 6= k),
(iv-1) For i > 1, sixjs
−1
i = xsi(j) (j > 1), six1s
−1
i = z3x1,
(iv-2) s1x1s
−1
1 = z3x1x
p
2 , s1x2s
−1
1 = x
−1
2 , s1xjs
−1
1 = x
−1
2 xj (j > 2). 
Denote by D
(q)
∞ the subgroup generated by {xj (j ∈ I∞)}, then H ′ =
(
D
(q)
∞ ×Z3
)
⋊S∞
under the action (iv-1)–(iv-2).
Now take a character X0,1 := 1D(q)∞
⊗ sgnZ3 of the abelian group D
(q)
∞ × Z3. Then its
stationary subgroup in S∞ is equal to A∞. The induced representation π2 of X0,1 from(
D
(q)
∞ × Z3
)
⋊ A∞ to H ′ is two-dimensinal.
In fact, the representation space of π2 has a basis ϕ1, ϕ2 such that ϕi(k
′h′) = ρ′(k′)ϕi(h′)
(k′ ∈ K ′, h′ ∈ H ′) and that ϕ1 (resp. ϕ2) is supported on K ′ (resp. K ′s1). The represen-
tation operators are, in matrix form with respect to {ϕ1, ϕ2}, and with (−1)0 := 1,
π(s1) =
(
0 1
1 0
)
, π2(xj) =
(
1 0
0 (−1)δj,1
)
, π(z3) =
(−1 0
0 −1
)
.
Its character χπ2 is given as
χπ2(z
a
3 σ x
b1
1 x
b2
2 x
b3
3 · · · ) =
{
(−1)a 2, if σ ∈ A∞ and b1 even.
0, otherwise.
(15.8)
Taking the results about fVII0 in §21 as a model, we can propose the following
Conjecture 15.17. Denote by FVII the normalized chracter χ˜π2 . For any spin type
χ = (β1, β2, β3) ∈ Ẑ with β3 = −1, express it as χ = χ0 · χVII with χ0 = (β1, β2, 1) and
χVII = (1, 1,−1). Then, any f ∈ E(G′(m, p,∞);χ0) and the FVII ∈ E(G′(m, p,∞);χVII)
produces as products fFVII all of E
(
G′(m, p,∞);χ), χ = χ0χVII.
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15.6. Restriction map and symmetries on the parameter space.
As remarked in §15.1, for the normal subgroups N of G∞ listed in §15.1, the set of
characters E(N) is equal to {f |N ; f ∈ E(G∞)}. Then the parameter space for E(N)
is determined canonically from the one A(T ) for G∞. For this we prepare two kinds of
operations (or symmetries) on A =
(
(αζ,ε)(ζ,ε)∈T̂×{0,1} ; µ
) ∈ A(T ) as follows.
(1) Involution τ : A→ tA :
tA :=
(
(α′ζ,ε)(ζ,ε)∈T̂×{0,1};µ
′),(15.9)
α′ζ,ε = αζ,ε+1, µ
′ = µ (permutation of αζ,0 and αζ,1).
(2) Translation R(ζ0) by ζ0 ∈ T̂ :
R(ζ0)A :=
(
(α′ζ,ε)(ζ,ε)∈T̂×{0,1} ; µ
′),(15.10)
α′ζ,ε = αζζ −10 , ε
(
(ζ, ε) ∈ T̂ × {0, 1}), µ′ = (µ′ζ)ζ∈T̂ , µ′ζ = µζζ −10 .
For ζ0 = ζ
(a) (0 ≤ a < m), we put κ(a) := R(ζ(a)) for brevity. When m is even, κ := κ(m0)
with m0 = m/2 is involutive, i.e., κ2 = id.
These operations on A(T ) are mutually commutative. Denote by G the commutative
group generated by them. Put
Pη(fA) := fη(A) (η ∈ G),(15.11)
then this gives a linear representation of G on the linear span 〈fη(A) ; η ∈ G〉. For a subgroup
H of G, the projection onto the space of trivial representation 1H is
PH :=
1
|H|
∑
η∈HPη .(15.12)
Let N be a one of canonical normal subgroups of G∞ = G(m, 1,∞). Then, by Theorem
12.6 (i), the set E(N) of characters of N is obtained by the restriction map ResG∞N :
E(G∞) ∋ fA 7→ fA|N ∈ E(N).
Theorem 15.18. [12, Theorem 14] Let N = GA∞.
(i) For A,A1 ∈ A(T̂ ), a necessary and sufficient condition for fA|N = fA1 |N is A1 = A
or A1 = τ(A) = tA. With the subgroup 〈τ〉 = {τ, id} of G,
P〈τ〉(fA) =
{
fA|N on N,
0 outside N .
(15.13)
(ii) Let [A] = {η(A) ; η ∈ 〈τ〉} = {A, τ(A)} the conjugacy class of A in A(T̂ )/〈τ〉, then
a parametrization of E(N) is given as
E(GA∞) =
{
fA|N ; [A] ∈ A(T̂ )/〈τ〉
}
.(15.14)
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We refer [12, Theorem 15] and [14, Theorem 7.1 and Proposition 7.2] forN = G(m, p,∞),
p|m, p > 1. Put S(p) := {tp ; t ∈ T} ⊂ T , and q = m/p.
Theorem 15.19. Let N = G(m, p,∞). For two parameters A,A1 ∈ A(T̂ ),
fA
∣∣
N
= fA1
∣∣
N
⇐⇒ A1 = R(ζ0)A
(∃ζ0 ∈ T̂ , ζ0|S(p) = 1S(p)).
Furthermore for ζ0 = ζ
(a),
ζ(a)|S(p) = 1S(p) ⇐⇒ ap ≡ 0 (mod m) ⇐⇒ m is a multiple of q.
With the subgroup 〈κ(q)〉 of G, P〈κ(q)〉(fA) gives fA|N on N and zero elsewhere on G∞.
A parametrization of E(N) is given by
E
(
G(m, p,∞)) = {fA∣∣N ; [A] ∈ A(T̂ )/〈κ(q)〉}.
Now put N = GA∞(m, p,∞) = GA∞ ∩ G(m, p,∞), which is equal to K∞ in case p = 2.
For this case, we refer Proofs of Theorems 14 and 15 in [12].
Theorem 15.20. Put N = GA∞(m, p,∞), p|m, p > 1, and q = m/p. Then,
E
(
GA(m, p,∞)) = {fA|N ; A = ((αζ,ε)(ζ,ε)∈T̂×{ 0,1 } ; µ) ∈ A(T̂ )},
fA|N = fA1 |N ⇐⇒ [A] = [A1] ∈ A(T̂ )/〈τ, κ(q)〉,
where [A] denotes the equivalence class of A in the quotient space. Moreover
P〈τ,κ(q)〉(fA) =
{
fA|N on N,
0 outside N ,
E
(
GA(m, p,∞) = {fA|N ; [A] ∈ A(T̂ )/〈τ, κ(q)〉}.
Note 15.21. The infinite Weyl group of type B∞/C∞ is G(2, 1,∞) = S∞(Z2) and
that of type D∞ is its normal subgroup G(2, 2,∞). Their characters were obtained in [9].
16 Spin characters of R
(
G(m, 1,∞)) of spin type z1 → −1
As at the top of §5, put for 4 ≤ n ≤ ∞, G˜n := G˜(m, 1, n) := Dn(T )⋊ S˜n, and
G˜ odd(m, 1, n) := G˜(m, 1, n) ∼= R(G(m, 1, n)) if m is odd, and
G˜ IV(m, 1, n) := G˜(m, 1, n) ∼= R(G(m, 1, n))/Z23, Z23 := 〈z2, z3〉, if m is even.
Then, as is explained in §5, a spin IR of G˜ IV(m, 1, n) of spin type χ− ∈ Ẑ1 (non-trivial
character) is essentially equal to a spin IR of R
(
G(m, 1, n)
)
of spin type χIV = (−1, 1, 1),
and similarly for their characters. In this section, discussing pointwise limits for G˜n :=
G˜(m, 1, n), we obtain the set Lim(G˜∞;χ−) in two cases, Y=odd and IV, at the same time.
16.1. Normalized spin irreducible characters of G˜n.
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Spin IRs of G˜n are classified in Theorem 5.1 and their characters are given in Theorem
5.2. For our present purpose, we give normalized characters of IRs ΠYΛn , Λ
n ∈ Y shn (T̂ ),
for Y=odd and IV. An element g′ = (d, σ′) ∈ G˜n = Dn(T ) ⋊ S˜n, T = Zm, with d ∈
Dn(T ), σ
′ ∈ S˜n, has a standard decomposition as
g′ = (d, σ′) = ξq1ξq2 · · · ξqrg′1g′2 · · · g′s, ξq =
(
tq, (q)
)
, g′j = (dj , σ
′
j) ;(16.1)
Q := {q1, q2, . . . , qr}, J := Is, Kj := supp(σ′j), ℓj := ℓ(σ′j) (j ∈ J).
Lemma 16.1. The normalized character of spin IR ΠYΛn , Λ
n =
(
λn,ζ)
ζ∈T̂ ∈ Y shn (T̂ ),
of G˜n is given as follows. Let ν = (nζ)ζ∈T̂ , nζ = |λn,ζ |, and In =
⊔
ζ∈T̂ In,ζ the associated
standard partition, and put H ′n = Dn(T )⋊ S˜ν , S˜ν = ∗̂ζ∈T̂ S˜In,ζ .
If g′ ∈ G˜n is not conjugate to any element in H ′n, then χ˜
(
ΠYΛn |g′
)
= 0.
If g′ = (d, σ′) ∈ H ′n , then choose a normalized element under conjugacy modulo Z1 so
that
Kj = [aj , bj ], σ
′
j = rajraj+1 · · · rbj−1 (=: σ′Kj (put)) (∀j ∈ J).(16.2)
When L(σ′) :=
∑
j∈J
(
ℓ(σ′j)−1
) ≡ 0 (mod 2) or σ′ even, the character value is non-zero
only when L(σ′j) ≡ 0 (mod 2) (∀j ∈ J),3) and in that case
χ˜
(
ΠYΛn |g′
)
=
∑
Q,J
c(Λn;Q,J ; g′)X˜(Λn;Q,J ; g′),(16.3)
c(Λn;Q,J ; g′) = (n− |supp(g
′)|)!
n!
·
∏
ζ∈T̂
|λn,ζ |!(
|λn,ζ | − |Qζ | −
∑
j∈Jζ ℓj
)
!
,
X˜(Λn;Q,J ; g′) =
∏
ζ∈T̂
( ∏
q∈Qζ
ζ(tq) ·
∏
j∈Jζ
ζ
(
P (dj)
) · χ˜(τ
λ
n,ζ |(ℓj)j∈Jζ
))
,
where τ
λ
n,ζ is spin IR of S˜nζ corresponding to λ
n,ζ , and Q = (Qζ)ζ∈T̂ , J = (Jζ)ζ∈T̂ run
over respectively partitions of Q and J satisfying
(Condition QJ) |Qζ |+
∑
j∈Jζ
ℓj ≤ |λn,ζ | (ζ ∈ T̂ ),
and for the symbol χ˜
(
τ
λ
n,ζ |(ℓj)j∈Jζ
)
, see Proposition 5.3.
When L(σ′) ≡ 1 (mod 2) or σ′ odd, χ˜(ΠYΛn |g′) 6= 0 only if |supp(g′)| ≥ n− 1.4)
Note 16.2. The condition |supp(g′)| ≥ n − 1 in the last assertion of Lemma 16.1
means that, when L(σ′) ≡ 1 (mod 2), χ˜(ΠY
Λn+k
|g′) = 0 for k ≥ 2, and so their limit as
k →∞ is zero (n is fixed along with g′).
3) See the row of Case IV (which corresponds to the case m odd) in Table 9.1 in [I, p.81].
4) Cf. the row of Case IV (corresponding to the case m odd) in [loc.cit., Table 9.1].
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16.2. Limits of normalized spin irreducible characters on G˜∞.
For an f ∈ K(G˜∞;χ−), its support is evaluated in Table 12.1 as
supp(f) ⊂ O′ := {g′ = (d, σ′) ; L(σ′j) = ℓ(σ′j)− 1 ≡ 0 (mod 2, ∀j ∈ J)}.
On the other hand, from the results in §16.1, we see that any limit functions f ∈
Lim(G˜∞;χ−) has its support supp(f) ⊂ O′ as is expected (cf. Note 16.2). Depending on
the cases Y=odd or IV, we put for g′ = (d, σ′) ∈ G˜∞,
fY0 (g
′) := ψ∆(σ′),(16.4)
a natural extension through G˜∞ → S˜∞ ∼= G˜∞/D∞. For a g′ ∈ G˜∞, to calculate limit
lim
n→∞ χ˜
(
ΠYΛn |g′
)
we follow the discussions in §14.
Lemma 16.3. A necessary and sufficient condition for the existence of pointwise limit
lim
n→∞ χ˜
(
ΠYΛn |(d,1)
)
at any point d ∈ D∞(T ) is
(Condition I) ∃ Bζ := lim
n→∞
|λn,ζ |
n
(ζ ∈ T̂ ).
In that case,
∑
ζ∈T̂ Bζ = 1.
Put T̂+ := {ζ ∈ T̂ ; Bζ > 0}. For Λn = (λn,ζ)ζ∈T̂ ∈ Y shn (T̂ ), let nζ := |λn,ζ | and
λn,ζ =
(
λn,ζ1 , λ
n,ζ
2 , . . . , λ
n,ζ
l(n,ζ)
) ∈ SPnζ .
Theorem 16.4. For a series Λn = (λn,ζ)ζ∈T̂ ∈ Y shn (T̂ ), the pointwise limit limn→∞ χ˜
(
ΠYΛn |g′
)
exists if and only if
(Condition IΛ-spin) ∃ lim
n→∞
λn,ζi
|λn,ζ | = γ
′
ζ;i (∀ζ ∈ T̂+, ∀i ≥ 1)
holds, together with (Condition I). For ζ ∈ T̂+, put
γζ :=
(
γζ;i
)
i>1
, µ := (µζ)ζ∈T̂(16.5)
with γi := Bζγ
′
ζ;i and µζ := Bζ−‖γζ‖ ≥ 0. For ζ ∈ T̂ \T̂+, put γζ := 0, µζ := 0. Altogether
C :=
(
(γζ)ζ∈T̂ ;µ
)
is a parameter for the limit function fYC (g
′) = lim
n→∞ χ˜
(
ΠYΛn |g′
)
. Take
g′ ∈ G˜Y∞ in (16.1). In case L(σ′j) ≡ 0 (∀j ∈ J, mod 2), it has the following form, otherwise
it is zero:
fYC (g
′) = fY0 (g
′) ·
∏
q∈Q
{∑
ζ∈T̂
(‖γζ‖ + µζ)ζ(tq)} ∏
j∈J
{∑
ζ∈T̂
(∑
i>1
(γζ;i)
ℓj
)
ζ
(
P (dj)
)}
.
In case m is even, G˜∞ = G′∞/Z23 with G′∞ := R
(
G(m, 1,∞)), Z23 = 〈z2, z3〉, and we
can consider functions above naturally on G′∞.
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Put, for C =
(
(γζ)ζ∈T̂ ;µ
)
,
AC :=
(
(αζ,ε)(ζ,ε)∈T̂×{0,1}, µ
) ∈ A(T̂ ) with αζ,0=γζ , αζ,1=0=(0, 0, . . .),(16.6)
then fYC (g
′) = fY0 (g′)fAC (g), with g = Φ(g
′). For parameter spaces of limit functions (and
also of characters) of G′∞ of spin type χY, we prepare a notation as follows. We put K = T̂
for Y=odd, IV here and III later, and K = T̂ 0 for Y=V and VI later.
Notation 16.5. A set of parameters is defined, for K = T̂ or = T̂ 0, as
C(K) =
{
C =
(
(γζ)ζ∈K ;µ
)
;
∑
ζ∈K ‖γζ‖+ ‖µ‖ = 1
}
,(16.7)
with γζ = (γζ,i)i>1, γζ,1 ≥ γζ,2 ≥ . . . ≥ 0, µ = (µζ)ζ∈K.
Theorem 16.6. (Characters of G′∞ = R
(
G(m, 1,∞)) of spin type χY)
In case m is odd and Y=odd, or in case m is even and Y=IV,
Lim(G′∞;χ
Y) =
{
fYC = f
Y
0 fAC ; C ∈ C(T̂ )
}
= E(G′∞;χ
Y) = F (G′∞;χ
Y),
where, for Y=IV, the function fYC on G˜∞ = G
′∞/Z23 is naturally lifted up to G′∞.
17 Spin characters of spin type χVII = (1, 1,−1)
Let m be even. For 4 ≤ n ≤ ∞, put Gn := G(m, 1, n), G′n := R
(
G(m, 1, n)
)
and let
GA∞, K∞ ⊂ G∞ and G′A∞, K ′∞ ⊂ G′∞ be the normal subgroups introduced in §12.1. Spin
characters of G′n of spin type χVII for n finite, and limiting process as n → ∞, and spin
characters of spin type χVII of G′∞ are discussed in [I, Part II]. Here we give the set
E(G′∞;χVII) by a quite different way. Note that, for f ∈ K(G′∞;χVII), supp(f) ⊂ O(VII) =
K ′∞. Let the normalized character fVII0 = χ˜π2,ζ(0) = sgn
A
Z3
· XO(VII) of 2-dimensional IR
π2,ζ(0) be as in §12.4. We define two maps M and N by multiplication of fVII0 as follows.
Definition 17.1. For F ∈ K1(G∞) and f ∈ K1
(
G′∞;χVII
)
, and g′ ∈ G′∞, g = Φ(g′) ∈
G∞, put
M(F )(g′) := fVII0 (g′)F (g), N (f)(g) := fVII0 (g′)f(g′)
K1(G∞)
M−→←−
N
K1
(
G′∞;χ
VII
)
Lemma 17.2. The mapM is surjective, and the map N is injective, and both preserve
linear combinations. The product MN is the identity map on K1
(
G′∞;χVII
)
.
Proof. By Proposition 12.6,
(
fVII0
)2
= XO(VII) , the indicator function of O(VII) =
K ′∞, which contains supp(f) for any f ∈ K1
(
G′∞;χVII
)
. This proves essentially all the
assertions. 
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Recall from §12.1, K∞ = GA(m, 2,∞) = Dev∞ ⋊ A∞ with Dev∞ = {d ∈ D∞ ; ord(d) ≡
0 (mod 2)}, for m even, and K ′∞ = Φ−1(K∞) = D˜ev∞ ⋊ A˜∞ with D˜ev∞ = Φ−1
(
Dev∞
)
. In §16,
two involutive operations τ and κ = κ(m
0) (m0 = m/2) on A ∈ A(T̂ ) are given respectively
in (15.9) and (15.10). On fA ∈ E(G∞) in (14.7), operations P〈τ〉, P〈κ〉 and P〈τ,κ〉 = P〈τ〉P〈κ〉
are given also in §15. Let XK∞ be the indicator function of K∞.
Lemma 17.3. For A,A1 ∈ A(T̂ ),
fA|K∞ = fA1 |K∞ ⇐⇒ A1 ∈ {A, τA, κA, τκA},
P〈τ,κ〉fA = 14(fA + fτA + fκA + fκτA) =
{
fA|K∞ on K∞,
0 on G∞ \K∞,
(NM)fA = P〈τ,κ〉fA = XK∞ · fA .
Theorem 17.4. (i) The map M, when restricted on E(G∞), gives a surjection to
E(G′∞;χVII) and, for A ∈ A(T̂ ),
E(G∞) ∋ fA 7−→ fVII0 P〈τ,κ〉fA = fVII0
(
fA|K∞
) ∈ E(G′∞;χVII),
where we understand fVII0
(
fA|K∞
)
is zero outside K ′∞. Let [A] = {A, τA, κA, τκA} ∈
A(T̂ )/〈τ, κ〉, then a parametrization of E(G′∞;χVII) is given by
E(G′∞;χ
VII) =
{
P〈τ,κ〉fA ; [A] ∈ A(T̂ )/〈τ, κ〉
}
.
(ii) The subset F (G′∞;χVII) consisting of factorisable elements in E(G′∞;χVII) is equal
to
E
(
G′∞;χ
VII;O(str)) := {fVII0 fA ; A ∈ A(T̂ ), supp(fA) ⊂ O(str)},
=
{
fVII0 fA ; A ∈ A(T̂ ), A = τA = κA = τκA
}
,
where the restrictive condition (str) on g = (d, σ) ∈ G∞ = D∞(T )⋊S∞ is
(str) ord(ξqi) ≡ 0 (i ∈ Ir), L(σj) ≡ 0, ord(dj) ≡ 0 (j ∈ Is).
Note 17.5. For A =
(
(αζ,ε)(ζ,ε)∈T̂×{0,1};µ
) ∈ A(T̂ ), let αζ,ε = 1 for some ζ ∈
T̂ , ε ∈ {0, 1}, and other αζ′,ε′ = 0 and µ = 0. Denote such an A by A(ζ, ε). Then
fA(ζ,ε)(g) = Xζ,ε(g) := ζ
(
P (d)
) · sgn(σ)ε (for g = (d, σ)) is a one-dimensional character of
G∞. The preimage in E(G∞) under M for the normalized character of 2-dimensional spin
IR χ˜π2,ζ ∈ E(G′∞;χVII), ζ ∈ T̂ 0, is {Xζ,0 , Xζζ(m0),0 , Xζ,1 , Xζζ(m0),1}.
Theorem 17.6. The restriction map ResG∞K∞ : E(G∞)→ E(K∞) is surjective, and the
one Res
G′∞
K ′∞
: E
(
G′∞;χVII
)→ E(K ′∞;χVII) is bijective. Through these restriction maps we
have bijective maps M′ and N ′ between E(K∞) and E
(
K ′∞;χVII
)
by multiplication of fVII0
as is illustrated below:
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E
(
G∞) E
(
G′∞;χVII
)
ResG∞K∞
y surj. bij.yResG′∞
K′
∞
E(K∞)
M′−→←−
N ′
E
(
K ′∞;χVII
)
(bijections).
18 Spin characters of spin type χI = (−1,−1,−1)
Let G′∞ = R
(
G(m, 1,∞)) = D˜∨∞(T )⋊ S˜∞, D˜∨∞(T ) = Z3 ×D∧∞(T ). Take a g′ = (d′, σ′) ∈
G′∞ (modulo z ∈ Z) and let its standard decomposition be
g′ = ξ′q1ξ
′
q2 · · · ξ′qrg′1g′2 · · · g′s, ξ′q =
(
t′q, (q)
)
= η̂
aq
q , g′j = (d
′
j , σ
′
j),(18.1)
and put its image g = Φ(g′) as g = ξq1ξq2 · · · ξqrg1g2 · · · gs, ξq =
(
tq, (q)
)
= y
aq
q , gj =
(dj , σj), with yq = Φ(η̂q), σj = Φ(σ
′
j) a cycle, dj = Φ(d
′
j), where Kj := supp(σj) ⊃
supp(dj) and Kj ’s are mutually disjoint. We put J := Is, Q := {q1, q2, . . . , qr}.
For the support of f ∈ K(G′∞;χY) for Y= I, we know by Table 12.1 that
supp(f) ⊂ O(I) := {g′ ∈ G′∞ ; g′ satisfies (Condition I)},
(Condition I) ord(ξ′qi) ≡ 0 (∀i), ord(d′j) + L(σ′j) ≡ 0 (mod 2) (∀j).
For n ≥ 4, characters of IRs of G′n of spin type χI is given in §6.3.2, and we apply them
to calculate their pointwise limits as n→∞. The following lemma is a direct consequence
of Theorem 6.10. Let g′ = (d′, σ′) ∈ G′∞ = D˜∨∞ ⋊ S˜∞ be as in (18.1) and take z ∈ Z, then
f I0(zg
′) = χI(z)f I0(g′).
Proposition 18.1. If g′ = (d′, σ′) satisfies (Condition I), then
f I0(g
′) := lim
n=2n′→∞
χ˜(P 0n |g′) =
∏
j∈J
(−1)[(ℓj−1)/2] 2−(ℓj−1)/2.(18.2)
If g′ does not satisfy (Condition I), then f I0(g′) = 0. Moreover
lim
n=2n′+1→∞
χ˜(P εn|g′) = f I0(g′), for ε = +,−.
For the general case we obtain the following results by using Theorem 6.11.
Lemma 18.2. Take a series Λn =
(
λζ)ζ∈K ∈ Yn(K) with K = T̂ 0.
If g′ ∈ G′∞ satisfies (Condition I), then
lim
n→∞ χ˜
(
Π IΛn
∣∣g′) = lim
n→∞ χ˜
(
ΠI0n
∣∣g′)× lim
n→∞ χ˜
(
Π˘Λn |g
)
.
If g′ does not satisfy (Condition I), then lim
n→∞ χ˜
(
Π IΛn
∣∣g′) = 0 if exists.
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Put T̂ 0 = {ζ(a) ∈ T̂ ; 0 ≤ a < m0 = m/2}, and introduce a parameter
A0 =
(
(αζ,ε)(ζ,ε)∈T̂ 0×{0,1} ; µ
)
with(18.3)
αζ,ε := (αζ,ε;i)i>1 , αζ,ε;1 ≥ αζ,ε;2 ≥ · · · ≥ 0,
µ := (µζ)ζ∈T̂ 0 , µζ ≥ 0,
and a parameter space A(T̂ 0) consisting of A0 satisfying∑
ζ∈T̂ 0
∑
ε=0,1
‖αζ,ε‖+ ‖µ‖ = 1.(18.4)
We can naturally consider A(T̂ 0) as a subset of A(T̂ ), and so we can define fA0 for A0 ∈
A(T̂ 0) ⊂ A(T̂ ) as in (14.7).
Theorem 18.3. (i) The set Lim(G′∞;χI) of all pointwise limits limn→∞ χ˜
(
Π IΛn
∣∣ · ) of
normalised irreducible characters of spin type χI of G′n is given as
Lim(G′∞;χ
I) =
{
f I0 fA0 ; A
0 ∈ A(T̂ 0)}.(18.5)
Let g′ = ξ′q1ξ
′
q2 · · · ξ′qrg′1g′2 · · · g′s be an element of G′∞ in (18.1), and let its image g =
Φ(g′) ∈ G∞ be g = ξq1ξq2 · · · ξqrg1g2 · · · gs. If g′ 6∈ O(I), then f I0(g′)fA0(g) = 0.
If g′ ∈ O(I), then with ℓj = ℓ(σ′j),
F IA0(g
′) := f I0(g
′)fA0(g) =
∏
q∈Q
{ ∑
ζ∈T̂ 0
( ∑
ε∈{0,1}
‖αζ,ε‖ + µζ
)
ζ(tq)
}
×
×
∏
j∈J
{
(−1)[(ℓj−1)/2]2−(ℓj−1)/2
∑
ζ∈T̂ 0
( ∑
ε∈{0,1}
∑
i∈N
(αζ,ε;i)
ℓjχε(σj)
)
ζ
(
P (dj)
)}
.
The limit function F IA0 is factorisable, and so Lim(G
′∞;χI) ⊂ F (G′∞;χI). They all
equal to E(G′∞;χI).
(ii) For A0, A1 ∈ A(T̂ 0), F IA0 = F IA1 if and only if A0 = A1. Hence the following gives
a parametrization of characters of spin type χI = (−1,−1,−1):
A(T̂ 0) ∋ A0 7−→ F IA0 = f I0 fA0 ∈ E(G′∞;χI).
Proof. A proof of the main part was given in [II, Part IV]. For (i), we remark that,
by calculating Lim(G′∞;χI), another proof for the validity of the criterion (EF) is obtained
here.
For (ii), assume F IA0 = F
I
A1 and let A
1 =
(
(α1ζ,ε)(ζ,ε)∈T̂ 0×{0,1} ; µ
1
)
, µ1 = (µ1ζ)ζ∈T̂ 0 .
We may concentrate only one term corresponding to gj = (dj , σj), ord(d
′
j) + L(σ
′
j) =
ord(dj) + (ℓj − 1) ≡ 0 (mod 2). In case ℓj − 1 = 2c ≡ 0 (mod 2), we have∑
ζ∈T̂ 0
(∑
i∈N
(
(αζ,0;i)
2c+1 + (αζ,1;i)
2c+1
))
ζ(y2b)
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=
∑
ζ∈T̂ 0
(∑
i∈N
(
(α1ζ,0;i)
2c+1 + (α1ζ,1;i)
2c+1
))
ζ(y2b).
With ζ = ζ(a), ζ(a)(y) = ωa, ω = e2πi/m, the matrix of coefficients is given as(
ζ(a)(y2b)
)
= (ω2ab) for 0 ≤ a, b < m0, of type m0 ×m0.
Since det(ω2ab) =
∏
m0>p>q>0(ω
2p − ω2q) 6= 0, we obtain∑
i∈N
(
(αζ,0;i)
2c+1 + (αζ,1;i)
2c+1
)
=
∑
i∈N
(
(α1ζ,0;i)
2c+1 + (α1ζ,1;i)
2c+1
)
.(18.6)
In case ℓj − 1 = 2c+ 1 ≡ 1 (mod 2),∑
ζ∈T̂ 0
(∑
i∈N
(
(αζ,0;i)
2c+2 − (αζ,1;i)2c+2
))
ζ(y2b+1) =
=
∑
ζ∈T̂ 0
(∑
i∈N
(
(α1ζ,0;i)
2c+2 − (α1ζ,1;i)2c+2
))
ζ(y2b+1).
The matrix of coefficients is (ωa(2b+1)) for 0 ≤ a, b < m0, and det(ωa(2b+1)) 6= 0. So∑
i∈N
(
(αζ,0;i)
2c+2 − (αζ,1;i)2c+2
)
=
∑
i∈N
(
(α1ζ,0;i)
2c+2 − (α1ζ,1;i)2c+2
)
.(18.7)
Then equalities (18.6)–(18.7) give us αζ,0;i = α
1
ζ,0;i (i ∈N ) as desired. 
19 Spin characters of spin type χII = (−1,−1, 1)
Let the notations be as in §18, and recall the normal subgroups of G∞ and G′∞ as
GA∞ = G
A(m, 1,∞) = D∞ ⋊ A∞, K∞ = Dev∞ ⋊ A∞,
G′A∞ := Φ
−1(GA∞) = D˜
∨
∞ ⋊ A˜∞, K
′
∞ = Φ
−1(K∞) = D˜ev∞ ⋊ A˜∞,
where Dev∞ = {d ∈ D∞ ; ord(d) ≡ 0 (mod 2)}, D˜ev∞ = Φ−1(Dev∞). Then O(VII) = K ′∞.
Let fVII0 = χ˜π2,ζ(0)
= sgnAZ3 ·XO(VII) be as in Proposition 12.6. For χY ∈ Ẑ, we define a
multiplication mapM : K1
(
G′∞;χY
) ∋ F 7→ f = fVII0 ·F ∈ K1(G′∞;χVIIχY), and another
one N : K1
(
G′∞;χVIIχY
) ∋ f 7→ fVII0 · f ∈ K1(G′∞;χY) as
K1
(
G′∞;χ
Y
) M−→←−
N
K1
(
G′∞;χ
VIIχY
)
.(19.1)
If χY = (β1, β2, β3), then χ
VIIχY = (β1, β2,−β3). Moreover (NM)F = XO(VII) F,
(MN )f = XO(VII) f . For an F ∈ K1
(
G′∞;χY
)
, Y = I ∼ VII, there holds supp(F ) ⊂ O(Y)
and so supp
(MF ) ⊂ O(VII) ∩ O(Y) = K ′∞ ∩ O(Y).
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We pick up a special case of Theorem 15.1 for G′∞ and K ′∞.
Theorem 19.1. The restriction map Res
G′∞
K ′∞
: K1(G
′∞) → K1(K ′∞) is surjective
and so are also for E
(
G′∞
) → E(K ′∞) and for E(G′∞;χY) → E(K ′∞;χY) in case of
Y=I∼VII.
We have studied in §17 the case of χVIII = (1, 1, 1) and χVIIχVIII = χVII = (1, 1,−1) (see
Theorem 17.6). In this section we study the case of χI and χII = χVIIχI. Let g′ = (d′, σ′) =
ξ′q1ξ
′
q2 · · · ξ′qrg′1g′2 · · · g′s ∈ G′∞, g′j = (d′j , σ′j), be as in (18.1), with its image g = Φ(g′) ∈ G∞
as g = ξq1ξq2 · · · ξqrg1g2 · · · gs.
Lemma 19.2. (i) O(II) = O(VII) ∩ O(I) ⊂ K ′∞.
(ii) Put f II0 (g
′) := lim
n=2n′→∞
χ˜(P II0n |g′) = lim
n=2n′+1→∞
χ˜(Π℧
ε,A
n |g′). Then,
f II0 (zg
′) = χII(z) ·
∏
j∈J
(−1)[(ℓj−1)/2] 2−(ℓj−1)/2 (z ∈ Z).(19.2)
for g′ ∈ O(II), and f II0 (g′) = 0 for g′ 6∈ O(II). Thus f II0 = fVII0 f I0.
Proof. (i) (Condition I) is given just after (18.1) and (Condition II) is given in the
notation in (18.1) as
(Condition II)
{
ord(d′) ≡ 0 (mod 2), L(σ′) ≡ 0 (mod 2) ;
ord(ξ′qi) ≡ 0 (∀i), ord(d′j) + L(σ′j) ≡ 0 (mod 2) (∀j).
(ii) By Lemma 7.11 and Theorem 7.15. 
Theorem 19.3. Let the spin type be χII = (−1,−1, 1). The set of all pointwise limits
as n→∞ of series of normalized spin irreducible characters in E(G′n;χII) is given as
Lim
(
G′∞ χ
II
)
=
{
F IIA0 = f
II
0 fA0 ; A
0 ∈ A(T̂ 0)},
where F IIA0(g
′) = 0 outside O(II), and for g′ ∈ O(II), with ℓj = ℓ(σ′j),
F IIA0(g
′) = f II0 (g
′)fA0(g)
=
∏
q∈Q
{ ∑
ζ∈T̂ 0
( ∑
ε∈{0,1}
‖αζ,ε‖ + µζ
)
ζ(tq)
}
×
×
∏
j∈J
{
(−1)[(ℓj−1)/2]2−(ℓj−1)/2
∑
ζ∈T̂ 0
( ∑
ε∈{0,1}
∑
i∈N
(αζ,ε;i)
ℓjχε(σj)
)
ζ
(
P (dj)
)}
.
Proof. By direct calculation using Theorems 7.12, 7.17 and Lemma 19.2. 
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As we see easily, every f ∈ Lim(G′∞;χII) is not necessarily factorisable, and so the crite-
rion (EF) does not holds. This is also a motivation to study relations between E
(
G′∞ ; χY
)
for Y= I and II.
Recall that E
(
G′∞ ; χI
)
=
{
F IA0 = f
I
0fA0 ; A
0 ∈ A(T̂ 0)}, and supp(f II0 ) ⊂ K ′∞.
Lemma 19.4. (i) In spin type χI, Res
G′∞
K ′∞
(
F IA0
)
= Res
G′∞
K ′∞
(
F IA1
)
for A0, A1 ∈ A(T̂ 0)
if and only if A1 = A0 or A1 = tA0, where tA0 = t(A0) = τA0 is in (15.9).
(ii) The restriction map Res
G′∞
K ′∞
: E
(
G′∞;χII
)→ E(K ′∞;χII) is bijective.
Proof. (i) On the set K ′∞ = O(VII),
∏
j∈J χ1(σj) = (−1)L(σ) = 1 (ε = 1). So∏
j∈J
∑
ε∈{0,1}
(αζ,ε+1;i)
ℓjχε(σj) =
∏
j∈J
∑
ε∈{0,1}
(αζ,ε;i)
ℓjχε(σj).
Using the explicit form of F IA0 = f
I
0 ·fA0 in Theorem 18.3, we see easily ResK
′
∞
G′∞
(
F IA0
)
=
Res
K ′∞
G′∞
(
F ItA0
)
.
Conversely assume that F IA0 |K ′∞ = F IA1 |K ′∞ . We wish to calculate as in the proof of
Theorem 18.3. However in the present case, the functions F I
Ak
|K ′∞ (k = 0, 1) in the both side
are not exactly factorisable, but factorisable in a restrictive sense so that the factors with
ℓj − 1 = L(σ′j) ≡ 0 (mod 2) are counted as independent but those with ℓj − 1 ≡ 1 (mod 2)
should be coupled into pairs. Hence, for ℓj − 1 ≡ 0, we get exactly (18.6). But, for any pair
(j, j′) with ℓj − 1 ≡ ℓj′ − 1 ≡ 1, we get a variant of (18.7) as∑
i∈N
(
(αζ,0;i)
2c+2 − (αζ,1;i)2c+2
)
= (−1)a
∑
i∈N
(
(α1ζ,0;i)
2c+2 − (α1ζ,1;i)2c+2
)
,(19.3)
where the sign (−1)a = 1 or −1 is a fixed constant. Depending to it, we get A1 = A0 or
A1 = tA0.
(ii) Noting that, for f ∈ K1(G′∞;χII), supp(f) ⊂ O(II) ⊂ K ′∞ = O(VII), we see the
maps are injective. 
Theorem 19.5. (i) When restricted on the sets of characters, the multiplication
maps M,N of f VII0 give bijective maps M′, N ′ between E
(
K ′∞;χI
)
and E
(
G′∞;χII
)
,
χII = (−1,−1, 1), described as follows:
E
(
G′∞;χI
)
E
(
G′∞;χII
)
Res
G′
∞
K′
∞
y surj. bij.yResG′∞
K′
∞
E
(
K ′∞;χI
) M′−→←−
N ′
E
(
K ′∞;χII
)
(isom.)
F IA0 = f
I
0 fA0 F
II
A0 = f
II
0 fA0
↓ l
F IA0
∣∣
K ′∞
⇄ F IIA0
∣∣
K ′∞
(ii) The set of characters of G′∞ of spin type χII is parametrized as
E
(
G′∞;χ
II
)
=
{
F IIA0 = f
II
0 fA0 ; [A
0] := {A0, τA0} ∈ A(T̂ 0)/〈τ〉}.
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Theorem 19.6. A character F IIA0 = f
II
0 (g
′)fA0 ∈ E(G′∞; χII), A0 ∈ A(T̂ 0), is factoris-
able if and only if tA0 = A0. The set of factorisable characters of G′∞ of spin type χII is
given as F (G′∞; χII) = {F IIA0 ; A0 ∈ A(T̂ 0), tA0 = A0} and also as
F (G′∞; χ
II) = E
(
G′∞; χ
II;O(str)) := {f ∈ E(G′∞; χII) ; supp(f) ⊂ O(str)},
where O(str) := O(V) = O(VI) in Table 12.1.
Proof. If F IIA0 is factorisable, then F
II
A0(g
′) = 0 if g′ ∈ O(II) has a fundamental
component g′j = (d
′
j , σ
′) with ℓj = ℓ(σ′j) even and ord(d
′
j) odd by (Condition II). Put
ord(d′j) = 2b+ 1, then we have
0 =
∑
ζ∈T̂ 0
( ∑
ε∈{0,1}
∑
i∈N
(αζ,ε;i)
ℓjχε(σj)
)
ζ
(
P (dj)
)
=
∑
06a<m0
(∑
i∈N
(
(αζ,0;i)
ℓj − (αζ,1;i)ℓj
))
· ωa(2b+1).
From this, we get
∑
i∈N
(
(αζ,0;i)
ℓj − (αζ,1;i)ℓj
)
= 0 (∀ζ ∈ T̂ 0). Hence (αζ,0;i)2 = (αζ,1;i)2,
and αζ,0;i = αζ,1;i (i ∈N , ζ ∈ T̂ 0), and finally tA0 = A0. 
20 Spin characters of spin type χIII = (−1, 1,−1) and χIV = (−1, 1, 1)
20.1. Method of obtaining characters.
The spin types still remained can be divide into two pairs as
χIV = (−1, 1, 1) and χIII = (−1, 1,−1) = χVIIχVI,
χVI = (1,−1, 1) and χV = (1,−1,−1) = χVIIχVI.
For these two pairs respectively, we can apply the method similar to those for (χVIII, χVII)
and (χI, χII), that is, using multiplication maps M and N of fVII0 = χ˜π2,ζ(0) = sgn
A
Z3
·
XO(VII) , given as
K1
(
G′∞;χ
IV
) M
⇄
N
K1
(
G′∞;χ
III
)
, K1
(
G′∞;χ
VI
) M
⇄
N
K1
(
G′∞;χ
V
)
,
we can determine E
(
G′∞;χIII
)
from E
(
G′∞;χIV
)
, and E
(
G′∞;χVI
)
from E
(
G′∞;χV
)
. The
background of this method is a relation among supports of f ∈ K1
(
G′∞;χY
)
, given below.
Let {
g′ = (d′, σ′) = z ξ′q1ξ
′
q2 · · · ξ′qrg′1g′2 · · · g′s ∈ G′∞, z ∈ Z, gj = (d′j , σ′j),
g = Φ(g′) = (d, σ) = ξq1ξq2 · · · ξqr g1g2 · · · gs ∈ G∞, gj = (dj , σj),
(20.1)
Q := {q1, q2, . . . , qr}, J := Is, Kj := supp(σ′j), ℓj := ℓ(σ′j) (j ∈ J),
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be as in (12.1). Then, for Y= III∼VII, we see from Table 12.1,
(Condition III) ord(d) ≡ 0, L(σj) := ℓj − 1 ≡ 0 (∀j) (mod 2) ;
(Condition IV) L(σj) = ℓj − 1 ≡ 0 (∀j) ;
(Condition V) ord(ξqi) ≡ 0 (∀i), ord(dj)≡0 (∀j), L(σj) ≡ 0 (∀j) ;
(Condition VI) “ the same as above ” ;
(Condition VII) ord(d) ≡ 0, L(σ) :=∑j∈J L(σj) ≡ 0 .
Hence O(III) = O(VII) ∩O(IV), O(VI) = O(V) ⊂ O(VII).
20.2. Spin characters of spin type χIV = (−1, 1, 1).
We use the notation C(K) = {C = ((γζ)ζ∈K;µ) ; ∑ζ∈K ‖γζ‖ + ‖µ‖ = 1} in Notation
16.5, (16.7), for K = T̂ . For spin type χIV of G′∞, O(IV) = {g′ ∈ G′∞ ; ℓj ≡ 1 (∀j)}, and
K = T̂ . From Theorems 16.4 and 16.6, we obtain the following.
Theorem 20.1. Let G′∞ = R
(
G(m, 1, n) for m even. Then
Lim(G′∞;χ
IV) = E(G′∞;χ
IV) = F (G′∞;χ
IV) =
{
f IVC ; C ∈ C(T̂ )
}
,(20.2)
Here, if g′ = z ξ′q1ξ
′
q2 · · · ξ′qrg′1g′2 · · · g′s ∈ G′∞ in (20.1) is outside O(IV), then f IVC (g′) = 0,
and for g′ ∈ O(IV), with g = Φ(g′),
f IVC (g
′) = f IV0 (g
′) · fAC (g),
as in Theorem 16.6 with AC in (16.6), under the normalized condition
Kj := supp(σ
′
j) = [aj , bj ] an interval, σ
′
j = σ
′
Kj := rajraj+1 · · · rbj−1.(20.3)
20.3. Spin characters of spin type χIII = (−1, 1,−1).
Recall that O(III) = O(VII) ∩ O(IV) (cf. Table 12.1) and O(VII) = K ′∞ := {g′ =
(d′, σ′) ∈ G′∞ ; ord(d′) ≡ 0, L(σ′) ≡ 0 (mod 2)} and fVII0 = sgnAZ3 ·XO(VII). An involutive
transformation κ = R(ζ(m
0)) acts on f IVC as: for g
′ = (d′, σ′) ∈ G′∞,
f IV
R(ζ(m
0))C
(g′) = (−1)ord(d′)f IVC (g′) =
{
f IVC (g
′), ord(d′) ≡ 0 (mod 2),
−f IVC (g′), ord(d′) ≡ 1 (mod 2).
(20.4)
Put, for an equivalence class [C] := {C, κC} ∈ C(T̂ )/〈κ〉,
f IV[C] := P〈κ〉f
IV
C =
1
2
(
f IVC + f
IV
κC
)
.(20.5)
Then f IV[C]|K ′∞ = f IVC |K ′∞ = Res
G′∞
K ′∞
f IVC , and f
IV
[C] = 0 outside K
′∞. Define
f IIIC := f
VII
0 f
IV
C , F
III
[C] := f
VII
0 f
IV
[C] = f
VII
0 P〈κ〉f
IV
C ,(20.6)
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as functions on G′∞. Then f IIIC = F
III
[C] and is of spin type χ
III = χVIIχIV.
Theorem 20.2. (i) Let G′∞ = R
(
G(m, 1,∞)), K ′∞ = Φ−1(K∞). Then the set of
characters E
(
G′∞;χIII
)
of spin type χIII is obtained from E
(
G′∞;χIV
)
of spin type χIV
through multiplication operators M,N of fVII0 as shown below:
E
(
G′∞;χIV
)
E
(
G′∞;χIII
)
Res
G′
∞
K′
∞
y surj. bij.yResG′∞
K′
∞
E
(
K ′∞;χIV
) M′−→←−
N ′
E
(
K ′∞;χIII
)
f IVC F
III
[C] = f
VII
0 f
IV
[C]
↓ l
f IVC
∣∣
K ′∞
=f IV[C]
∣∣
K ′∞
⇄ F III[C]
∣∣
K ′∞
=fVII0 f
IV
[C]
∣∣
K ′∞
Here M′ and N ′ denote the restrictions of M and N .
(ii) The set of characters of spin type χIII is given as
E
(
G′∞;χ
III
)
=
{
f IIIC = F
III
[C] ; [C] = {C, κC} ∈ C(T̂ )/〈κ〉
}
,
and the set F (G′∞;χIII) of factorisable characters of spin type χIII is equal to
E(G′∞;χ
III;O(str)) := {f ∈ E(G′∞;χIII) ; supp(f) ⊂ O(str)}
=
{
f IIIC = F
III
[C] ; C = κC ∈ C(T̂ )
}
.
Proof. (ii) We prove here the last equality. It is easy to see F (G′∞;χIII) ⊃
{
F III[C] ; C =
κC ∈ C(T̂ )}. To prove the converse, take g′ = g′1g′2, g′j = (d′j , σ′j) with ℓj ≡ 1 (mod 2), d′j =
η
2kj+1
cj (∃cj ∈ Kj , 0 ≤ kj ≤ m0 odd). Then, with J = {1, 2},
0 = F III[C](g
′) =
{ ∑
06a<m0
(∑
i>1
(γζ(a);i)
ℓ1 −
∑
i>1
(γ
ζ(a+m0);i
)ℓ1
)
ωa(2k1+1)
}
×
×
{ ∑
06b<m0
(∑
i>1
(γζ(b);i)
ℓ2 −
∑
i>1
(γ
ζ(b+m
0);i
)ℓ2
)
ωb(2k2+1)
}
.
Therefore we get, for 0 ≤ a < m0, ℓ > 1 odd,∑
i>1
(γζ(a);i)
ℓ −
∑
i>1
(γ
ζ(a+m
0);i
)ℓ = 0. Hence γζ(a);i = γζ(a+m0);i. 
21 Spin characters of spin type χV = (1,−1,−1) and χVI = (1,−1, 1)
21.1. Spin characters of spin type χVI = (1,−1, 1).
An element g′ ∈ G′∞ = R
(
G(m, 1,∞)) = D˜∨∞⋊ S˜∞ has a standard decomposition g′ =
z ξ′q1ξ
′
q2 · · · ξ′qrg′1g′2 · · · g′s, z ∈ Z, g′j = (d′j , σ′j), as in (20.1), with J := Is, Q := {q1, . . . , qr}.
As we have seen, O(VI) = O(V) = O(str) ⊂ O(VII) = K ′∞, where
O(str) := {g′ ∈ G′∞; ord(ξqi) ≡ 0 (∀i), ord(dj) ≡ L(σj) ≡ 0 (∀j) (mod 2)}.(21.1)
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Moreover any element of G′∞ is conjugate modulo Z to an element g′ = (d′, σ′) = ξ′q1 · · · ξ′qr ·
g′1 · · · g′s, satisfying the normalization (6.18), or,
ξ′q =
(
t′q, (q)
)
= η̂
aq
q , g′j = (d
′
j , σ
′
j), Kj := supp(σ
′
j) ⊃ supp(d′j),
Kj is a subinterval [aj , bj ] of In = [1, n], mutually disjoint,
σ′j = rajraj+1 · · · rbj−1, d′j = η̂
ord(d′j)
aj (j ∈ J).
(21.2)
Irreducible characters of spin type χVI of G′n = R
(
G(m, 1, n)
)
, 4 ≤ n < ∞, are given
in Theorem 10.7 for n even, and in Theorem 10.9 for n odd. Using them, we can calculate
pointwise limits of normalized irreducible characters similarly as in §16.2. Moreover we can
utilize a character relation in Theorem 10.7 for n even such as χ
(
ΠVIMn
)
= χ
(
ΠII0n
)
χ
(
ΠIVMn
)
,
and similar relations in Theorem 10.9 for n odd. Introduce a parameter space C(T̂ 0) as
in (16.7). For a C0 ∈ C(T̂ 0), we define a function fVIC0 on G′∞ as follows: fVIC0(zg′) =
χVI(z)f(g′) (z ∈ Z, g′ ∈ G′∞), and
if g′ 6∈ O(VI), then fVIC0(g′) = 0, and
if g′ ∈ O(VI), then for g′ = ξ′q1ξ′q2 · · · ξ′qrg′1g′2 · · · g′s, g′j = (d′j , σ′j), ℓj := ℓ(σ′j), under the
normalization condition (21.2),
fVIC0(g
′) =
∏
q∈Q
{ ∑
ζ∈T̂ 0
(‖γζ‖ + µζ)ζ(t′q)}×(21.3)
∏
j∈J
{ ∑
ζ∈T̂ 0
(
(−1)(ℓj−1)/22−(ℓj−1)/2
∑
i>1
(γζ;i)
ℓj
)
ζ(d′j)
}
.
Theorem 21.1. There holds fVIC0 = f
II
0 f
IV
C0 for C
0 ∈ C(T̂ 0), and
Lim(G′∞;χ
VI) =
{
fVIC0 = f
II
0 f
IV
C0 ; C
0 ∈ C(T̂ 0)} = E(G′∞;χVI) = F (G′∞;χVI).
21.2. Spin characters of spin type χV = (1,−1,−1).
Since O(VI) = O(V) = O(str) ⊂ O(VII), the multiplication operators M and N of
fVII0 = χ˜π2,ζ(0)
= sgnAZ3 ·XO(VII) given as
K1
(
G′∞;χ
V
) M
⇄
N
K1
(
G′∞;χ
VI
)
,(21.4)
are both bijective and N = M−1. Moreover fVII0 f I0 = f II0 by Lemma 19.2 (ii), and so
f I0 = f
VII
0 f
II
0 on the subset O(II) ⊃ O(str).
Theorem 21.2. Let G′∞ = R
(
G(m, 1,∞)). For the set E(G′∞;χV) of characters of
spin type χV = (1,−1,−1), the restrictions M′ = M|E(G′∞;χVI) and N ′ = N|E(G′∞;χV), ofM and N are bijections and mutually inverse of the other:
E
(
G′∞;χ
V
) M′
⇄
N
′
E
(
G′∞;χ
VI
)
, fVC0 := f
I
0 f
IV
C0 ⇄ f
VI
C0 = f
II
0 f
IV
C0 ,
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and Lim
(
G′∞;χV
)
= E
(
G′∞;χV
)
= F
(
G′∞;χV
)
. The following is a parametrization of
characters of spin type χV :
E
(
G′∞;χ
V
)
=
{
fVC0 = f
I
0 f
IV
C0 = sgn
A
Z3 ·fVIC0 ; C0 ∈ C(T̂ 0)
}
,(21.5)
where sgnAZ3 denotes the natural extension of sgnZ3 to G
′A∞ = (Z3 ×D∨∞)⋊ A˜∞ (cf. §12.4).
22 Parameter spaces and summary for the cases of n =∞
22.1. Parameter spaces for characters. The parameter space for characters of the
infinite symmetric group S∞ = G(1, 1,∞) is the space of Thoma parameters:
A := {(α, β) ; α = (αi)i>1, β = (βi)i>1 satisfy (22.1)},{
α1 ≥ α2 ≥ . . . ≥ αi ≥ . . . ≥ 0, β1 ≥ β2 ≥ . . . ≥ βi ≥ . . . ≥ 0,
‖α‖ + ‖β‖ ≤ 1, ‖α‖ :=∑i>1 αi, ‖β‖ :=∑i>1 βi.(22.1)
The double covering group S˜∞ = R
(
G(1, 1,∞)) of S∞ has its parameter space of spin
characters consisting of Nazarov parameters γ as
C := {γ ; γ = (γi)i>1 satisfies (22.2)},
γ1 ≥ γ2 ≥ . . . ≥ γi ≥ . . . ≥ 0, ‖γ‖ ≤ 1.(22.2)
For characters and spin characters of complex reflection groups G∞ = G(m, 1,∞)
= S∞(T ), T = Zm, m > 1 even, we prepared parameter A =
(
(αζ,ε)(ζ,ε)∈K×{0,1} ; µ
)
and
its set A(K) in Notation 14.3, and also parameter C = ((γζ)ζ∈K ;µ) and its set C(K) in
Notation 16.5, both for K = T̂ or K = T̂ 0.
22.2. Summary for S∞ and S˜∞. We summarize parametrizations of characters and
spin characters of S∞ and S˜∞ in the following table. Recall O(S˜∞;OP∞) in (13.10) and
ψ∆ in (13.9).
parame-
trization
parameter
space
subset containing
supp(f)
reference
S∞ fα,β (α, β) ∈ A S∞ Th. 13.1
S˜∞ ψ∆ · fγ,0 γ ∈ C O(S˜∞;OP∞) ⊂ A˜∞ Th. 13.8
Table 22.1. Parameter spaces of characters for S∞ and S˜∞
22.3. Summary for G∞ = G(m, 1,∞) and G′∞ = R
(
G(m, 1,∞)).
The parametrization of of characters and spin characters of infinite complex reflection
groups G∞ = G(m, 1,∞), and the parameter spaces depending on spin types are summa-
rized in the following table. Recall f II0 = f
VII
0 f
I
0 and AC in (16.6).
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Case
Y
spin
type
parame-
trization
parameter
space
subset ⊃
supp(f)
criteri-
on (EF)
refer-
ence
Y= odd
(m odd) z1 → −1 f oddC =f odd0 fAC C ∈ C(T̂ ) O(odd) YES Th. 16.6
I (−1,−1,−1) f I0 · fA0 A0 ∈ A
(
T̂ 0
) O(I) YES Th. 18.3
II (−1,−1, 1) f II0 · fA0 [A0] ∈ A
(
T̂ 0
)
/〈τ〉 O(II) NO Th. 19.5
III (−1, 1,−1) f IIIC = fVII0 f IVC [C] ∈ C(T̂ )/〈κ〉 O(III) NO Th. 20.2
IV (−1, 1, 1) f IVC = f IV0 fAC C ∈ C(T̂ ) O(IV) YES Th. 20.1
V (1,−1,−1) fVC0 = f I0f IVC0 C0 ∈ C(T̂ 0) O(str) YES Th. 21.2
VI (1,−1, 1) fVIC0 = f II0 f IVC0 C0 ∈ C(T̂ 0) O(str) YES Th. 21.1
VII (1, 1,−1) fVII0 · fA [A] ∈ A
(
T̂
)
/〈τ, κ〉 O(VII) NO Th. 17.4
VIII
(1, 1, 1)
non spin
fA A ∈ A
(
T̂
)
G∞ YES Th. 14.3
Table 22.2. Parameter spaces for the set of spin characters E(G′∞;χY).
(Two different pairings of Cases: (I, II), (III, IV), (V, VI), (VII, VIII),
and (I, V), (II, VI), (III, VII), (IV, VIII), are both interesting.)
Lemma 22.3. There hold the following product formulas:
(f I0)
2 = fA(1) , f
I
0f
II
0 = f
VII
0 fA(1) , f
I
0f
VII
0 = f
II
0 , (f
IV)2 = fA(2) , f
II
0 f
III
0 = f
I
0f
IV
0 ,
(f II0 )
2 = XK ′∞fA(1) , (f
III
0 )
2 = XK ′∞fA(2) , (f
VII
0 )
2 = XK ′∞ ,
f II0 f
VII
0 = XK ′∞f
I
0, f
III
0 f
VII
0 = XK ′∞f
IV
0 ,
where A(k) =
(
(α
(k)
ζ,ε)(ζ,ε)∈T̂×{0,1}, µ
(k)
)
, k = 1, 2, with
α
(1)
ζ,ε;1 = 1/2 for (ζ, ε) = (ζ
(0), 0), (ζ(m
0), 1), other α
(1)
ζ,ε;i = 0, µ
(1) = 0 = (0, 0, . . .),
α
(2)
ζ(0),ε;1
= 1/2 for ε = 0, 1, other α
(2)
ζ,ε;i = 0, µ
(2) = 0.
Proof. The square (f I0)
2 and (f IV0 )
2 have trivial spin type χVIII and are factorisable,
and so should be written as fA(k) with some A
(k) ∈ A(T̂ ), k = 1, 2 respectively. Take
g′ = (d′, σ′) ∈ O(I) with σ′ ∈ S˜∞ a cycle of length ℓ. Then (f I0)2(g′) = 2−ℓ+1 = 2−ℓ + 2−ℓ
if ord(d′) + (ℓ− 1) ≡ 0 (mod 2) and = 0 otherwise. This is realized by the above choice of
A(1). Similarly for (f IV0 )
2.
The rest of the proof is easy. 
Theorem 22.4. Let m be even and G′∞ = R
(
G(m, 1,∞)).
(i) For two characters fi ∈ E(G′∞;χYi) for i = 1, 2, the product f3 = f1f2 belongs to
K1(G
′∞;χY3), χY3 = χY1χY2, in general. Except cases where Y1,Y2 ∈
{
II, III,VII
}
but
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{
Y1,Y2
} 6= {II, III} (cf. Table 12.7), f3 = f1f2 is a character of G′∞, and so
E(G′∞;χY1)E(G′∞;χY2) ⊂ E(G′∞;χY3).
(ii) In the exceptional cases, E(G′∞;χY1)E(G′∞;χY2) 6⊂ E(G′∞;χY3), whereas
F (G′∞;χY1)F (G′∞;χY2) ⊂ F (G′∞;χY3).
(iii) The total set E(G′∞) of characters is generated under product by the sets{
fA
(
A ∈ A(T̂ )), f I0, f IV0 , fVII0 }.(22.3)
Proof. We apply Theorem 12.8, Table 22.2 and Lemma 22.3. Note that (fVII0 )
2 =
XK ′∞ , and XK ′∞ ∈ K1(G′∞;χVIII), the indicator function of the normal subgroup K ′∞, is
of trivial spin type and not factorisable and so not a character. Moreover XK ′∞f = f if
supp(f) ⊂ K ′∞. Then we can check case by case if necessary and obtain the assertion. 
22.4. Case of canonical normal subgroups. Let N be one of normal subgroups of
G∞ = G(m, 1,∞) = D∞ ⋊S∞, D∞ = D∞(T ), T = Zm, given as
G(m, p,∞), p|m, p > 1, GA∞ = D∞ ⋊ A∞, GA(m, p,∞) = GA∞
⋂
G(m, p,∞).
We list up below the results on parametrization of characters of N .
normal subgroup
N
parametrization
parameter space
for E(N) reference
G(m, p,∞) fA
∣∣
N
=
(
P〈κ(q)〉fA
)∣∣
N
A =
(
(αζ,ε)(ζ,ε)∈T̂×{0,1};µ
) [A] ∈ A(T̂ )/〈κ(q)〉
q = m/p
Th. 15.18
GA∞ fA
∣∣
N
=
(
P〈τ〉fA
)∣∣
N
[A] ∈ A(T̂ )/〈τ〉 Th. 15.17
GA(m, p,∞) fA
∣∣
N
=
(
P〈τ,κ(q)〉fA
)∣∣
N
[A] ∈ A(T̂ )/〈τ, κ(q)〉 Th. 15.19
Table 22.5. Parameters of characters of normal subgroups of G(m, 1,∞)
22.5. Works of Stembridge [36] and of Morris-Jones [29].
We compare here our results in Part I with the preceding results in J. Stembridge [36]
and in A.O. Morris and H.I. Jones [29] for Part I. Let m be even and Z = 〈z1, z2, z3〉 =
M
(
G(m, 1, n)
)
, n ≥ 4, be as in §1.1. We denote characters χZ ∈ Ẑ as
χY = (β1, β2, β3), βi := χ
Y(zi) = ±1 with Y= I, II, . . . , VIII,
as in §1.2 (and in Table 22.2). On the other hand, it is denoted as [γ, λ, µ] in [29] and
[tϑ, tµ, tν ] in Dudko -Nessonov [5], with γ = tϑ = β1, λ = tµ = β3, µ = tν = β2, and 1-1
correspondence of notations in (14) of [5] with ours is
χI χII χIII χIV χV χVI χVII χVIII
θ7 θ5 θ3 θ1 θ6 θ4 θ2 θ0
Work of J. Stembridge [36].
Let Wn = G(2, 1, n) be the Weyl group of type Bn/Cn. In its Introduction,
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the main result of this paper is the fact that the projective representation of
Wn can be explicitly constructed from the linear and projective representations
of symmetric groups,
by adding two qualifications: (1) to add to this list the representation obtained by restricting
the basic spin representation of On to Wn, and (2) the irreducible decomposition of each
symmetric group module to the alternating group.
In the part of Section 3 in Introduction, his approach is explained as follows.
• A group G is said to have K-quotient if it has a normal subgroup N such that
G/N ∼= K. Let G be a group with Z 22 -quotient, then it has a two-dimensional projective
IR ρ given by anti-commuting involutions such as
(
1 0
0 −1
)
,
(
0 1
1 0
)
. Let G1 and G2 be two
groups with Z2-quotient, then G1 × G2 has a natural Z 22 -quotient and accordingly has
a 2-dimensional projective IRs ρ. Start with irreducible modules Vi of Gi, and consider
ρ ⊗ (V1 ⊗ V2). Define the twisted product V1⊗̂V2 to be one or more of the irreducible
submodules of ρ⊗ (V1 ⊗ V2).
•Wn has a natural Z 22 -quotient and for a projective IR π ofWn, the operation π 7→ ρ⊗π
and χπ 7→ χρ ·χπ give transition of spin types as χπ 7→ χρ ·χπ (in our presentation, cf. 1.2
of this paper), where π(z) = χπ(z)I (z ∈ Z) with χπ ∈ Ẑ.
(Note that ρ is something like π2,ζ(0) in 12.4 of this paper, and χ
ρ is something like
χVII and the above operation works much simpler in the case of n = ∞, see e.g. Part II,
§17 and §§19–21 and Table 22.2 in this paper.)
• Let π be a projective IR ofWn. Apply the theory of A.H. Clifford [3] to the irreducible
submodules of ρ ⊗ π, then irreducible characters of these submodules can be expressed in
terms of difference characters of Wn or one of its double covering.
Work of A.O. Morris and H.I. Jones [29]. From Introduction,
· · · · · · all of the non-equivalent irreducible projective representations can be
expressed in terms of certain ‘building blocks’. These are the ordinary and spin
representations of the symmetric group G(1, 1, n), · · · · · · · · · . Also, required are
basic spin representations P,Q and R of Bmn for certain 2-cocycles.
In §2, the methods of the paper are prepared. In §2.3, there explained the case of G
with Z2-quotient and its difference character, and also the case of G with Z
2
2 -quotient and
its difference character. In §2.4, the Clifford algebra C(n) generated by {1, ej (j ∈ In)},
subjected e 2j = 1, ejek = −ekej (j 6= k), is introduced, and the double coverings Pin(n)
and Spin(n) respectively of O(n) and SO(n) are defined. Then basic spin representations
of Clifford algebra C(n) are given.
22.6. Work of A.V. Dudko and N.I. Nessonov [5].
Concerning our Part II, we refer the preceding results of Dudko -Nessonov in [5] (see
also [II, §25]). Put Bm := S∞ ⋉Z∞m . From Introduction,
· · · · · · . In the present paper, a complete description of the projective factor
representations of finite type is given for the group S∞ ⋉Z∞m .
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· · · in the proof of the classification theorem for the projective characters on
Bm we show that every indecomposable characters is explicitly determined by
the character of some projective basis factor representations and an ordinary
character of the group Bm (see Theorem 10).
Our method of getting all spin characters of G(m, 1,∞) (∼= Bm) is based on the ap-
proximation theorem (Theorem 12.5) that asserts every character of R
(
G(m, 1,∞)) =
limn→∞R
(
G(m, 1, n)
)
is a pointwise limits of normalized irreducible characters χ˜πn as
n→∞.
Here we make only a short remark that Lemma 22.3 and Theorem 22.4 in this paper
correspond to Theorem 23 and Remark 24 in [5], and give a little more detailed information,
e.g., for the case {χY1 , χY2} = {χII, χIII} which corresponds to {θ3, θ5}.
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